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Abstract

Diversity and Equalization for MultiGigabit Millimeter

Wave Communications over a Sparse Multipath Channel

Hong Zhang

We undertake a fundamental investigation of diversity and equalization over

highly directional links in the millimeter(mm) wave band. Our focus is on out-

door links using the 60 GHz unlicensed spectrum. Such links could be used to

form wireless mesh networks with multiGigabit data rates. The use of directional

transmission and reception contributes to a few strong paths which fall within the

transmit and receive antenna beamwidths. We find that such sparse multipath

channels require new design approaches relative to design of conventional wireless

links in rich scattering environments.

We investigate spatial and frequency diversity for such highly directional links

for which the number of dominant paths is significantly smaller than for the scat-

tering environments seen by omnidirectional links. While fading can still be severe,

we observe that the channel statistics are very different from classical Rayleigh or

Rician fading models, and are characterized by the variations in a small number of

parameters characterizing the propagation geometry. While our findings are quite

general, our specific focus is on modeling outdoor millimeter wave lamppost-to-
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lamppost links in an urban environment (e.g., for multiGigabit mesh networks

using 60 GHz unlicensed spectrum). We show that it is possible to design quasi-

deterministic diversity strategies such that geometric configurations which result

in destructive interference are unlikely. The rules of thumb regarding antenna

spacing and bandwidth differ significantly from those for standard rich scattering

models, and outage probabilities of the order of 10−4 or less can be obtained with

small link margins (a few dB) relative to a line-of-sight (LoS) link.

Commercial exploitation of such multiGigabit mesh network at 60 GHz band

requires that we take advantage of the low-cost digital signal processing (DSP)

made available by Moore’s law. A key bottleneck, however, is the cost and

power consumption of high-precision analog-to-digital converters (ADCs) at the

multiGigabit rates of interest in this band. This makes it difficult, for example,

to apply traditional DSP-based approaches to channel dispersion compensation

such as time domain equalization or Orthogonal Frequency Division Multiplexing

(OFDM), since these are predicated on the availability of full-rate, high-precision

samples. We investigate the use of analog multitone for sidestepping the ADC

bottleneck: transmissions are split into a number of subbands, each of which can

be separately sampled at the receiver using a lower rate ADC. Given the large

coherence bandwidth of the sparse multipath channels typical of such highly direc-

tional outdoor 60 GHz links that we consider, reliable performance requires spatial

viii



diversity, in addition to the beamforming required to close the link. We therefore

consider one transmit and two receive antenna arrays, each with 4 × 4 elements.

We find that exploiting spatial diversity completely by combining samples from

both arrays is critical for combating fading and inter carrier interference.
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Chapter 1

Introduction

As the increasing popularity of smart phones and tablets, wireless data growth

has lead to significant spectrum deficit. One solution is to place many small cells

to meet the demand of increasing wireless data rate; however, this leads to the

need for a new generation of networks that support multiGigabit communications.

Although optical fiber is a common method to provide such high speed communi-

cations, it is very costly and inconvenient to dig up roads to lay fibers especially

in a metropolitan area. The 60 GHz band is considered to be a promising can-

didate for building such high speed, short range wireless networks for a number

of reasons: it offers large swathes of unused bandwidth (bandwidth allocation is

shown in Figure 1.1) and has a high spatial frequency reuse because of significant

attenuation due to oxygen absorption [1].

Advances in silicon implementations of millimeter (mm) wave transceivers in

recent years [2,3] have opened up the possibility of low-cost multiGigabit wireless
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Chapter 1. Introduction

Figure 1.1: The unlicensed millimeter wave bandwidth allocation.

networks using several GHz of unlicensed spectrum at 60 GHz. While much of

this interest has focused on indoor communication, with significant impetus from

industry consortia such as the Wireless Gigabit Alliance [4] and standards such as

IEEE 802.11ad [5]. Recent work [6] [7] shows that outdoormesh networks based on

short-range (100s of meters) 60 GHz links are a promising approach to providing a

quickly deployable multiGigabit wireless backhaul (e.g. for picocellular networks

or for “last-hop” links in a neighborhood). In this thesis, we investigate space-time

channel models for such 60 GHz wireless outdoor links, which include only a few

strong paths induced by the use of highly directional antennas at both transmitter

and receiver. For convenience, we term such a multipath channel that contains

a few strong paths as the sparse multipath channel. We employ ray tracing to

show that such channels are qualitatively different from the Rayleigh or Rician

fading typically encountered for omnidirectional links. While our observations

regarding the effects of directionality are quite general, our focus is on modeling a
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Chapter 1. Introduction

lamppost-to-lamppost millimeter (mm) wave link in an urban environment (shown

in Figure 1.2), where the lampposts are typically lower than rooftops of the nearby

buildings.

There is a significant literature on channel measurement, ray tracing, and

statistical channel modeling for the 60 GHz channel, for both indoor [8–11] and

outdoor [12–16] links. In both settings, ray tracing based channel models show

good agreement with measurement results, indicating that diffraction effects can

be neglected. A key difference from indoor channel modeling is that blockage,

which occurs routinely due to obstacles such as furniture and humans indoors

[17] [7], is less important for an outdoor link for a well-designed deployment. We

ignore blockage resulting from seasonal foliage growth in our modeling in order to

focus on the fundamentals of multipath fading.

Prior work on outdoor mm wave backhaul has considered hierarchical beam-

forming techniques [18] and the impact of ground movement and wind on the

beam alignment [19] (the latter effects are actually quite negligible for mm wave

links). To the best of our knowledge, however, this is the first work to conduct a

fundamental investigation of diversity in such settings. This dissertation employs

the ray tracing based modeling approach to provide analytical insights into design

with both spatial and frequency diversity, validated by extensive simulations.
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Chapter 1. Introduction

While we consider spatial diversity in near-LoS environments in this disser-

tation, we note that, for antenna spacings that are sufficiently large (relative to

the carrier wavelength), it is also possible to obtain spatial multiplexing gains in

near-LoS environments [20–22]. For the ranges and node form factors (which con-

strain the attainable antenna spacings) of interest in this work, however, spatial

multiplexing gains are not attainable unless we decrease the carrier wavelength

further (e.g., by pushing carrier frequencies beyond 100 GHz).

Note that a key bottleneck to implement such high speed wireless commu-

nications in the mm wave band is the cost and power consumption of high-

precision analog-to-digital converters (ADCs). This makes it difficult, for example,

to apply traditional DSP-based approaches to channel dispersion compensation

such as time domain equalization or Orthogonal Frequency Division Multiplex-

ing (OFDM) (due to the high peak-to-average power ratio (PAPR) problem).

Therefore, we investigate the use of analog multitone for sidestepping the ADC

bottleneck: transmissions are split into a number of subbands, each of which

can be separately sampled at the receiver using a lower rate ADC. Novel equal-

izer schemes are proposed for such an analog multitone system achieving robust

multiGigabit transmissions with a small number of subbands.

4



Chapter 1. Introduction

Figure 1.2: Illustration of millimeter wave outdoor mesh network with nodes
deployed on lampposts along a city street.

1.1 Dissertation Overview

Figure 1.2 illustrates the envisioned 60 GHz outdoor wireless mesh network

in an urban street environment, where the nodes are deployed on the top of

lampposts. Such wireless networks, in conjunction with optical fiber for longer

range communications, can provide an easily deployable broadband infrastructure.

Moreover, such 60 GHz wireless mesh network can serve as a multiGigabit wireless

backhaul network for small local area network (LAN) such as Femtocells or WiFi

networks. In this thesis, we investigate the system design for this multiGigabit 60

GHz wireless network, focusing on the diversity and equalizer schemes based on

the ray-tracing channel model.
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Chapter 1. Introduction

The differences between mm wave and WiFi networks at 2.4 and 5 GHz stem

from the order of magnitude difference in wavelength λ of the carrier used for

transmission. Since free space propagation loss scales as λ2, the propagation loss

in mm-wave networks is 28 dB higher than the loss in WiFi networks (at 2.4 GHz).

On the other hand, the antenna directivity scales as λ−2 for an antenna with a

given aperture (corresponding to nodes with a fixed form factor). Therefore, using

directional antennas at both the transmitter and the receiver leads to a net power

scaling of λ−2, which translates to an advantage of 28 dB for 60 GHz versus 2.4

GHz (shown in Figure 1.3). Since it is difficult to produce high transmit powers

using low-cost silicon implementations, the use of directional transmission and

reception is imperative at 60 GHz. Fortunately, the smaller wavelength also makes

it possible to synthesize low-cost antenna arrays (e.g., implemented as patterns

of metal on circuit board), which can then be electronically steered to provide

adaptive yet highly directional links permitting a flexible deployment. From the

point of view of channel modeling, the consequence of directionality is that the

channel between the transmitter and receiver is dominated by a few paths which

fall within the transmit and receive antenna beamwidths. This is fundamentally

different from the much richer scattering environment for omnidirectional links at

lower carrier frequencies.

6



Chapter 1. Introduction

Figure 1.3: Illustration of the necessity of directionality in millimeter wave band.

We employ the ray-tracing channel model to investigate diversity schemes to

provide robust link performance [23] [24] [25]. In order to develop fundamental

insight, we first consider spatial diversity for a narrowband channel, then consider

frequency diversity for a wideband channel, and then discuss combining the two

strategies [26]. For both narrowband and wideband systems, we discover that,

while standard multiple input multiple output (MIMO) diversity techniques ap-

ply, the underlying geometry and achievable performance are very different from

that for rich scattering environments. Statistical channel models must be closely

tied to the propagation geometry, and it is possible to devise diversity strategies

that make the probability of geometric configurations causing destructive inter-

ference very unlikely, leading to deterministic or quasi-deterministic performance

7



Chapter 1. Introduction

guarantees (e.g., outage probabilities smaller than 10−4 with link margins relative

to an LoS link of the order of 1-5 dB). This is in contrast to the much larger link

margins required for classical Rayleigh fading channels.

Time domain equalization and OFDM are popular approaches to combat chan-

nel dispersion commonly encountered in wideband wireless channels. However,

both these approaches require a large dynamic range at the receiver or equiv-

alently a high precision ADC. Multi-Gigabit links exacerbate this challenge by

demanding a high sampling rate along with high precision from the ADCs. In

order to avoid the burden of high cost and power consumption from such high

performance ADCs, we investigate an Analog Multitone (AMT) scheme, where

the signal bandwidth is split into a small number of sub-bands in the analog do-

main and each of the subbands is sampled at a relatively low sampling rate [27]. In

order to fully utilize the spectrum, we don’t allow guard bands between adjacent

subbands, while each subband has some excess bandwidth to limit inter-symbol in-

terference (ISI). We need to suppress the resultant inter-carrier interference (ICI)

and any residual ISI at the receiver. We find that utilizing spatial diversity (em-

ploying linear equalization for samples from both arrays) is critical to combat ICI

in addition to fading. Specifically, we consider a 1× 2 SIMO system with beam-

forming antenna pattern at both ends of the link. We investigate multiple schemes

8



Chapter 1. Introduction

by choosing to combine or select the antennas and to perform independent or joint

equalization.

1.2 Contribution and Impact

In this section, we list our contributions and the impact of our research on

exploring the 60 GHz band for wireless outdoor backhaul network, focusing on the

sparse multipath channel modeling, spatial diversity, frequency diversity and the

AMT scheme. For the first three parts, we consider fixed horn antennas pointing

along the LoS, since our goal is to provide fundamental analytical insight into the

nature of diversity with sparse multipath. For the AMT scheme, we consider the

electronically beamsteered array to show the robustness of our design to variations

of antenna type. Our main contributions are summarized as follows:

Sparse Multipath Channel Modeling: We model (in Chapter 2) a typical

lamppost-to-lamppost 60 GHz link with three to six rays, consisting of the LoS

path, the ground reflection, and bounces from buildings located at both sides of

the street. Including the bounce from the nearest wall alone gives a three-ray

model, while including both single bounces and double bounces from both sides

of the street results in a six-ray model. The statistics of the channel are induced

by statistical models for variations in lamppost heights and wall distances.

9



Chapter 1. Introduction

Spatial Diversity: We investigate different MIMO spatial diversity strategies

for the narrowband system and we show that the quasi-deterministic diversity

can be achieved via choosing the appropriate antenna spacing.

• We develop analytical insight (in Section 3.2) into the nature of fading and

spatial diversity in sparse multipath by considering the simplest possible

scenario of narrowband signaling over a two-ray channel (with the LoS path

and a single reflected path). We observe that fading for a single-input single-

output (SISO) link becomes severe beyond a certain range, but show that

it is possible to provide deterministic spatial diversity. Specifically, we show

that it is possible to space the antennas such that when one receive antenna

sees a destructive fade, the other is guaranteed to see a constructive fade.

This is fundamentally different from the probabilistic diversity in standard

independent and identically distributed (i.i.d.) Rayleigh fading models, and

implies that we can operate under significantly smaller link margins. For

the propagation geometries of interest, the required spacing is several times

the carrier wavelength (which is still compatible with compact node form

factors for the small wavelengths of interest here).

• We show (in Section 3.3.3) that the qualitative observations regarding fading

and spatial diversity for the two-ray model also hold for three- and six-ray

10



Chapter 1. Introduction

channel models, and for a variety of MIMO diversity schemes, including 1×2,

2 × 1 and 2 × 2 systems. While deterministic guarantees can no longer be

given, quasi-deterministic diversity is obtained using design prescriptions on

antenna spacing obtained from analysis of the two-ray model: small outage

probabilities (less than 10−4) can be obtained with a link margin of 5 dB,

which is far better than the achievable performance for i.i.d. Rayleigh fading

for appropriately chosen spacings. However, antenna spacings that are too

large destroy quasi-determinism by randomizing the relative phases of the

paths at different antennas, and performance can revert to the probabilistic

diversity typical of standard Rayleigh fading models.

Frequency Diversity: We provide analytical insight into when deterministic

frequency diversity is possible for such a sparse multipath frequency selective

wideband channel at 60 GHz band.

• We derive analytical insight into frequency diversity (in Chapter 4) using

a three-ray channel model for a SISO link. Using the averaged power gain

over the band as a metric, we show that deterministic frequency diversity

is obtained, with less than a dB degradation with respect to a LoS link,

when the bandwidth B is greater than the inverse of the minimum delay

spread τmin, defined as the delay difference between the LoS path and the

11



Chapter 1. Introduction

closest other path. The condition B ≥ 1
τmin

also yields quasi-deterministic

frequency diversity for more complex six-ray models, with outage probabili-

ties smaller than 10−4 obtained with link margins of less than 0.5 dB relative

to a LoS link. This is in contrast to rich scattering environments, in which

the bandwidth requirements are loosely governed by the root mean squared

(rms) delay spread, and where deterministic guarantees are typically not

possible.

Combined Diversity Scheme: When the bandwidth B < 1
τmin

, we show that

the combined diversity scheme provides quasi-deterministic diversity. We also il-

lustrate the robustness of our design approach to variations in modeling, including

significant changes in geometry and in link range, and variations in the model for

reflection coefficients.

• We investigate combined spatial and frequency diversity for a 1 × 2 SIMO

link, and show that, when the antennas are spaced by several wavelengths

(in Section 3.3.3) and the bandwidth B ≥ 1
τmin

, then quasi-deterministic

performance is obtained with negative link margins relative to our nominal

SISO LoS link (e.g. when B = 1
τmin

, 10−4 outage probability at -2.8 dB

margin relative to ideal SIMO, or 0.45 dB margin relative to ideal SISO).

12



Chapter 1. Introduction

• When the bandwidth B < 1
τmin

, then quasi-deterministic frequency diver-

sity is no longer possible. However, combined frequency and spatial diversity

yields quasi-deterministic performance in this regime (e.g., 10−4 outage at

link margin of 0.9 dB when B ≥ 1
8τmin

). In the worst case when B ≪ 1
τmin

(e.g., due to a drastic change from the nominal geometry), we can still

provide quasi-deterministic performance by virtue of spatial diversity as in

Chapter 3.

• We show that the quasi-deterministic diversity holds for variations in link

ranges from 50 m to 400 m and variations in the model for reflection coeffi-

cients, using our proposed system design (appropriate antenna spacing and

channel bandwidth) based on the link range of 200 m.

Analog Multitone Scheme: We investigate four linear equalization strategies

for the AMT scheme in a 1× 2 SIMO system and illustrate that robust multiGi-

gabit transmissions can be achieved with a small number of subbands.

• We derive an equivalent channel between the transmitter and the receivers

(in a system with a 4× 4 transmit array, and two 4× 4 receive arrays) that

accounts for the beamforming patterns and the physical multipath channel,

13
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consisting of reflections off a nearby wall and the ground in addition to the

LoS path.

• We split the transmissions into four or eight subbands and investigate four

linear equalization strategies for demodulating each subband. These strate-

gies are based on different combinations of the following choices: (a) Com-

bine samples from both arrays optimally or choose samples from the array

that sees the stronger channel in the subband and (b) Treat the interference

from adjacent subbands as noise or exploit the structure of the interference

from adjacent subbands.

• While we consider two receive arrays in order to provide spatial diversity, we

find that the additional degrees of freedom provided by combining samples

from both arrays provide much better interference suppression (avoiding

error floors) than using only samples from the array which sees a stronger

channel.

1.3 Dissertation Outline

The following chapters of the dissertation are organized as follows. Chapter

2 presents the ray-tracing channel modeling for the 60 GHz wireless backhaul
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network in the urban city street environment with nodes deployed on the top of

lampposts. To overcome fading stemming from the sparse multipath channel, we

study (in Chapter 3) spatial diversity strategies for the narrowband system and

investigate the impact of antenna separations on the link performance. In Chapter

4, we provide analytical insights into the achievable frequency diversity for the

frequency selective wideband channel. In Chapter 5, we demonstrate the combined

diversity scheme, combining frequency diversity and spatial diversity, provides

quasi-deterministic performance over a broad set of scenarios. We propose novel

equalization schemes for the Analog Multitone (AMT) system (in Chapter 6).

Chapter 7 concludes this dissertation with a brief summary of contributions and

open issues.
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Chapter 2

Channel Modeling for a
Lamppost-based Link

We now discuss the propagation geometry of the lamppost-based mm wave

link, shown in Figure 2.1. The transmitter and receiver for our link are placed on

top of lampposts, and can be either on the same side of the street, or on different

sides of the street. The street is assumed to be well approximated as straight over

the link ranges of interest, and to have buildings on both sides. The assumption

of buildings throughout the street is pessimistic: in practice, the absence of tall

buildings at street intersections might cause fewer reflected rays which would, in

turn, is expected to lead to diminished fading. We assume that the building walls

nearest to a lamppost are at distance rwall from it and also assume the antenna is

at distance rstreet from the ground (these distances will subsequently be modeled as

random in order to capture the effects of variations in the propagation geometry).

The street width is denoted by S. The link range R is 100-200 m.
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Chapter 2. Channel Modeling for a Lamppost-based Link

Figure 2.1: The propagation geometry for a lamppost-to-lamppost link in an
urban environment, including the LoS path and reflections from the ground and
building walls (only single bounce reflections are shown in the figure for clarity.)

2.1 Nominal Link Parameters

Before presenting the details of the channel model, it is helpful to get a feel

for the nominal link parameters used for the numerical examples in this disser-

tation. Consider a 2 Gbps QPSK link, over a distance of 200 m, operating with

a bandwidth of 1.5 GHz. For uncoded bit error rates (BERs) lower than 10−9,

the required signal-to-noise ratio (SNR) is 14 dB (light coding can significantly

reduce this requirement). We consider a vertically polarized antenna pattern at

each end: a horn antenna [30] [31] with 13◦ vertical beamwidth and 15◦ hori-

zontal beamwidth, corresponding to a directivity of 21.3 dBi, where the antenna

beamwidth used in this dissertation is the half power beamwidth. We expect that
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Chapter 2. Channel Modeling for a Lamppost-based Link

only few reflected paths are present due to the high directivity antenna gain, and

would like to explore to what extent that affects the nature of fading and diver-

sity. In practice, such antenna directivities might be realized using electronically

steerable antenna arrays rather than a single horn, but our focus here is on pro-

viding fundamental insight into fading and diversity, hence we do not consider the

additional gains (e.g., multipath suppression) that may be provided by transmit

and receive beamforming. We note that our channel modeling approach is robust

to the specific antenna pattern, as long as the directivities are high enough to

reject reflections beyond second order. For example, we show in Chapter 6 that

the same channel modeling approach is also suitable for a link with beamforming

antenna arrays at both ends.

Assuming that the oxygen absorption loss is 16 dB/km, we find that, for a link

margin of 5 dB and receiver noise figure of 3 dB, the required transmit power is

14.4 dBm. The effective isotropic radiated power (EIRP) is therefore 35.7 dBm,

which is smaller than the FCC limit of 40 dBm average EIRP [32]. While we have

not budgeted for rain, which can further increase the attenuation, we note that

a relatively modest increase in the transmit power can handle fairly heavy rain.

For example, 56.4 mm/hour of rain causing 20 dB/km additional attenuation [33]

requires adding 4 dB to the link budget at 200 m range, which still fits within the

FCC limit. Note also that implementation of a directive transmit antenna as an
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electronically steerable array implies that the power fed into an individual element

could be realized by low-cost silicon implementations (e.g., 14 dBm net transmit

power can be realized using an 8-element antenna array with each individual

antenna element fed by a CMOS 5 dBm power amplifier [34]).

2.2 Ray-tracing Channel Model

Geometrical optics based ray tracing provides a low-complexity approximation

for characterizing the propagation of electromagnetic waves when the scatterers

are significantly larger than the wavelength, and their distances from the trans-

mitter and receiver are large compared to the wavelength. Given the small wave-

lengths of interest here (5 mm at 60 GHz), these conditions are certainly satisfied.

Moreover, many prior measurement campaigns have confirmed the accuracy of ray

tracing for 60 GHz channel characterization [10] [11] [16]. Diffraction effects can

be neglected at 60 GHz [10] because of the small wavelength, hence we focus on

characterizing the superposition of the LoS component, together with reflections

from street and building surfaces.

We consider a reflective surface with complex dielectric constant ϵc = ϵr −

jϵr tan(δ), where ϵr denotes the relative dielectric constant and tan(δ) denotes the

loss tangent. Unless specified otherwise, our simulations employ Fresnel Reflec-
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tion Coefficients [35] (for a thick specimen with high loss tangent), and model

reflecting surfaces as smooth and infinite (e.g., smooth wood for building surfaces

and smooth concrete for the street). This is a worst-case model which leads to

stronger reflected paths and more severe fading. We assume that building walls

are made of wood with relative complex dielectric constant ϵc = 1.5− 0.01j [36],

and that the street surface is concrete with ϵc = 6.5−0.126j [37]. We also show the

robustness of our design approach to variations of reflecting surfaces in Chapter

5, where we consider the multilayer reflection coefficients [38] (for a thin specimen

with low loss tangent) and the rough surfaces accounting for the scattering loss.

For completeness, we provide a description of standard computations of reflection

coefficients as follows.

2.2.1 Reflection Coefficients

Fresnel Reflection Coefficients [35]: Consider electromagnetic waves imping-

ing on a vaccum-material interface that is smooth, infinite, and thick with high

loss tangent. When the polarization is perpendicular to the plane of incidence,

the reflection coefficient is given by:

R⊥(θi) =
E⊥,r(θ, i)

E⊥,i(θ, i)
=

cos θi −
√

µ′εr − sin2 θi

cos θi +
√

µ′εr − sin2 θi
(2.1)
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When the polarization is parallel to the plane of incidence, the reflection coefficient

is given by:

R∥(θi) =
E∥,r(θ, i)

E∥,i(θ, i)
=

µ′εr cos θi −
√

µ′εr − sin2 θi

µ′εr cos θi +
√

µ′εr − sin2 θi
(2.2)

where θi = π/2 − θg is the angle of incidence (θg is the grazing angle, shown

in Figure 3.2), and the relative complex dielectric constant εr for the material is

given by εr = ε′ − j σ
2πfε0

, with ε′ denoting relative dielectric constant, µ′ relative

permeability, σ conductivity and ε0 = 8.854× 10−12AS/V m. We assume vertical

polarization at both ends, so that the wall and ground reflection coefficients are

given by R⊥ and R∥, respectively.

Multilayer Reflection Coefficients: For a thin specimen with small loss tan-

gent, the multiple reflections departing from the bottom surface of the slab can-

not be neglected. In this case, the multilayer reflection coefficient matches well

with the measurement results. The coefficient is equal to the sum of the Fres-

nel reflection coefficient (directly reflection from the impinging wave) and all the

consecutive reflections caused by the transmissions and reflections inside the slab.

This multilayer reflection model is given by [36]:

M = R− (1−R2)
Re−j 2π

λ

√
ϵre−αlse−j 2π

λ
ld sin(θi)

1−R2e−j 2π
λ

√
ϵre−αlse−j 2π

λ
ld sin(θi)

(2.3)

The attenuation coefficient inside the slab is given by α = w tan(δ)
2

√
µ0ϵrϵ0, with

loss tangent tan δ = 60σλ/ϵr. The propagation path length inside the slab ls is
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given by: ls =
2dthk√

1− sin2(θi)

ϵr

, and ld represents the path length difference of two adja-

cent departing reflections: ld =
2dthk√
ϵr

sin2(θi)
−1

. Detailed measurement results from [38]

show that the multilayer reflection model is suitable for most indoor building ma-

terials such as plasterboard or wooden panel, while Fresnel reflection coefficients

are suitable for some of the outdoor building materials such as concrete or granite.

We include some simulations (in Chapter 5) for multilayer models to demonstrate

that our fundamental observations on the nature of sparse multipath are insensi-

tive to variations in our modeling of reflection coefficients.

Exponential Loss for Rough Surfaces: As a rule of thumb (termed the

Rayleigh criterion [38] for smoothness), the reflective surface is considered to be

smooth if the standard deviation of surface roughness satisfies the following condi-

tion: σh < λ
8 cos θi

. On the other hand, when σh > λ
8 cos θi

, the surface is considered

to be rough, and diffusive reflection is no longer negligible compared to the specu-

lar reflection. The reflection coefficient can be adjusted to account for additional

scattering loss as follows [38]:

A = Fe−
1
2
(
4πσh cos θi

λ
)2 , (2.4)

where F is the Fresnel reflection coefficient or the multilayer reflection coefficient

depending on the thickness and the loss tangent of the specimen.
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2.2.2 Multi-ray Channel Model

Using ray tracing, the complex baseband channel impulse response is given

by [39]

h(t) =
λ

4π

(√
Gδ(t)e−KpR/2−j2πR/λ

R
+

Nr−1∑
i=1

Ai

√
Giδ(t− τi)e

−KpRi/2−j2πRi/λ

Ri

)
(2.5)

where Nr is the number of rays (including the LoS and the reflected rays); G and

Gi are the products of the transmit and receive antenna power patterns for the

LoS component and the reflected components respectively; Kp is the coefficient

for exponential attenuation, which equals 0.0016 loge 10 for oxygen absorption of

16 dB/km at 60 GHz (with additional attenuation due to rain, if present); R is

the LoS path length, or range; Ri is the length of the ith reflected path; Ai is the

reflection coefficient on the ith path; and τi = (Ri − R)/c is the delay of the ith

reflected ray relative to the LoS path.

Relative channel impulse response: We can simplify the notation by express-

ing this gain relative to that of an ideal LoS link with no reflections. This relative

channel impulse response is then given by

hr(t) = δ(t) +
Nr−1∑
i=1

R

Ri

√
Gi

G
Aiδ(t− τi)e

−Kp△Ri/2−j2π△Ri/λ (2.6)

where △Ri = Ri −R is the relative path length of the ith reflected path.
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Sparse Multipath: For the geometries and directivities that we consider, we

observe that only reflections from surfaces at distances less than 13.2 m horizon-

tally or 11.4 m vertically fall within the antenna beamwidth, assuming that the

transmission range of interest is 200 m. For example, for a four-lane city street

(with a street width of about 12 m) with antenna heights lower than 8 m and

wall distances larger than 4 m, only the reflected paths from the ground and from

the near wall, together with the LoS path, fall within the antenna beamwidth, if

both transmit and receive antennas are pointing along the LoS. This results in a

sparse multipath channel with only three rays. Since the antenna beamwidth we

consider is the half-power beamwidth, which corresponds to a soft cutoff, we may

also wish to account for attenuated rays outside the beamwidth. For example, we

may augment our channel model to six rays, including the LoS path, the ground

reflection, and first and second order reflections from building walls on both sides

of the road. Here, the order of a reflected ray is defined as the number of reflec-

tions the ray undergoes before reception. While we choose to employ the six-ray

model for accuracy in modeling and simulation, we turn to the three-ray model

(and even to a two-ray model) to provide fundamental insight. We shall see that

such analysis provide good design rules of thumb for the more detailed six-ray

model, since the additional rays have small enough amplitudes that they have a

minor effect on performance.

24



Chapter 2. Channel Modeling for a Lamppost-based Link

2.3 Simplified Multi-ray Channel Model

In order to derive analytical insight, we can further simplify the channel model

(2.6) by noting that changes in the environmental geometry of the order of wave-

lengths (only 5 mm at 60 GHz) causes order of 2π variation in the phase of the

reflected ray (relative to the LoS ray). Therefore, it is reasonable to model the

relative phase ϕi of the ith reflected ray with respect to the LoS as independent

and uniform over [0, 2π] for different i. Further, denoting the relative channel gain

of the ith reflected ray to be αi =
R
Ri

√
Gi

G
Aie

−Kp△Ri/2, we define the simplified

multi-ray channel model of a SISO link as follows:

hr(t) = δ(t) +
Nr−1∑
i=1

αie
−jϕiδ(t− τi) (2.7)

whereNr denotes the number of rays, and αi is the normalized amplitude of the ith

reflected ray. For the narrowband channel model, the corresponding normalized

complex gain is given by:

hnb
r = 1 +

Nr−1∑
i=1

αie
−jϕi (2.8)

MIMO link: We now extend the simplified multi-ray channel model to an N×M

MIMO link. We first show that the phase differences between the LoS paths be-

tween different antenna pairs can be neglected, so that we can focus on geometric

modeling of the differences in the relative phases of the reflected paths for differ-
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ent antenna pairs. The phase difference between the LoS path from the transmit

element n to receive element m and the LoS path from transmit element n to

receive element n is given by: ∆ϕLoS = 2π
λ
(
√

R2 + (|m− n|d)2 −R) ≈ 2π(|m−n|d)2
2λR

(for d ≪ R). For nominal parameters R = 200 m, d = 5λ and m−n = 1, we have

∆ϕLoS = 0.002, which is small enough to be neglected. Further, the amplitudes

and propagation delays of the LoS path αi(m,n) and τi(m,n) are close to αi(1, 1)

and τi(1, 1), respectively.

Therefore, the channel impulse response between transmit element n and re-

ceive element m is given by:

hr(m,n) = δ(t) +
Nr−1∑
i=1

αiδ(t− τi)e
−j(ϕi+γi(m,n)) (2.9)

where γi(m,n) denotes the additional phase offset for the ith reflected path be-

tween the nth transmit element and the mth receive element. Setting γi(1, 1) = 0

as reference, we have γi(m,n) = 2π li(m,n)−li(1,1)
λ

, where li(m,n) denotes the path

length of the ith reflected ray from nth transmit antenna to mth receive antenna.

For a narrowband channel, neglecting the delay spread τi, we can further simplify

the expression for the normalized complex channel gains as follows:

hnb
r (m,n) = 1 +

Nr−1∑
i=1

αie
−j(ϕi+γi(m,n)) (2.10)
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We employ these simplified models to investigate fading and spatial diversity for

a narrowband link (in Chapter 3), and frequency diversity for a wideband link in

Chapter 4.

2.3.1 Statistical Modeling

Antenna heights and wall distances could vary significantly across different

network deployments, or even within a given deployment. Furthermore, some

variation (on the order of a few centimeters) in the positioning of antennas is

inevitable. Due to the small carrier wavelength, even small changes in the propa-

gation geometry can significantly affect the channel coefficients and the resulting

multipath fading. In order to investigate such phenomena systematically and to

evaluate the robustness of the diversity strategies that we explore, we introduce a

statistical model in which some of the key propagation parameters are modeled as

random variables. In particular, unless specified otherwise, we model the antenna

height rstreet as a uniformly distributed random variable over the interval [5m,8m],

and the distance to the near wall rwall as uniformly distributed over [4m,20m]. The

preceding ranges are chosen so that the contributions from the reflected rays are

significant, fixing, for simplicity, the nominal transmission range R = 200 m and

nominal street width S = 12 m.
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Spatial Diversity for Narrowband
Channel

We show that severe fades occur in our geometry of interest, because the

strength of one or more of the reflected paths is comparable to that of the LoS

path for the glancing incidence that occurs at the transmission range of interest.

In addition, the fades can vary significantly with the unavoidable changes on the

order of centimeters (several wavelengths). The measurement results in [40] verify

our simulation results by showing the presence of significant fading.

We begin by investigating spatial diversity for a narrowband link as a means of

overcoming fading. We first consider a two-ray channel model to develop insight

and show that deterministic diversity is guaranteed in a 1 × 2 SIMO system

with appropriate antenna spacing. Further, we show that, although deterministic

diversity is not attainable for the three-ray channel model or the general six-

ray channel model, quasi-deterministic diversity can be achieved by choosing the
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appropriate antenna spacing, where quasi-deterministic diversity means that a

small outage probability (below 10−4) relative to the LoS link can be achieved

given a small link margin.

3.1 Sparse Multipath Fading

In this section, we consider the simplified multi-ray channel model as in (2.8)

for the narrowband SISO system. We show that the severe fades are present and

that the fades can vary significantly with small changes on the order of centimeters.

Path gain and fading: The fading relative to an idealized LoS link is given

by |hnb
r |2 as in (2.8), while the propagation gain as a function of range is given

by the propagation gain for the LoS path (using the Friis formula for free space

propagation) times the fading gain: g(R) = G( λ
4πR

)2e−KpR|hnb
r |2.

Grazing angle: The grazing angle between the incoming/outgoing ray and the

reflecting surface (which is 90◦ minus the angle of incidence) is given by: θg =

tan−1 2r
R

≈ 2r
R
. For r = 5 m, R = 200 m, we obtain θg = 2.86◦. Reflection with

a small grazing angle is termed glancing incidence, and such reflection creates a

180◦ phase shift and results in relatively small attenuation.

Critical range: First, we note that the possibility of fading occurs only when the

reflected path falls within the antenna beamwidth. The angle of arrival/departure
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of the reflected path relative to the LoS is given by: θa = tan−1 2r
R

≈ 2r
R
, for

r ≪ R. The reflected path falls within the beamwidth if θa ≤ θbw/2, where

the HPBW (half-power beamwidth) of the antenna is represented by an angular

interval [−θbw/2, θbw/2] around the LoS path. This happens if the range exceeds

a critical range Rc given by:

Rc ≈
4r

θbw
(3.1)

For example, for r = 5 m and θbw = 20◦, we obtain Rc ≈ 57 m.
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Figure 3.1: Path gain of a SISO system as a function of transmission range,
using the six-ray channel model.

Figure 3.1 shows the variation of the propagation gain (in dB) as a function

of range (transmitter and receiver located on the same side of the street), with

the following parameters: wall distances at each side rwall = 4 m, antenna heights

at each side rstreet = 5 m, street width S = 12 m and transmission range up to
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R = 200 m. The full-width half-max (FWHM) beamwidths for the antenna are

15◦ horizontal 13◦ vertical, and we plug these as θbw in (3.1) to obtain the critical

ranges for rwall and rstreet as 61 m and 88 m, respectively. Furthermore, when

a single reflected ray gets into the FWHM beam, then it experiences a power

attenuation of 3 dB at each end, corresponding to an amplitude attenuation of 3

dB relative to the LoS. Assuming grazing incidence, this corresponds to α = 0.5,

which gives a worst-case fade of 20 log10(1− α) = 6 dB. Indeed, Figure 3.1 shows

that fades about 5.5 dB (relative to the free space benchmark) occur at the first

critical range of 61.3 m. When more than one strong ray gets into the beam, as

happens at the second critical range of 88 m, we expect deeper fades (the worst-

case amplitude due to destructive interference can now be close to zero), and we

do see fades deeper than 20 dB at 88 m. Of course, the horn antenna beam

patterns let in attenuated versions of reflected rays at larger angles of arrival than

those used for computing the critical ranges, hence we see the worst-case fades

gradually increasing as the range increases, rather than just seeing sharp increases

at the critical ranges (e.g., shallow fades happen even at ranges as small as 30 m).

Sensitivity to changes in geometry: Due to the small wavelength at the 60

GHz band, we expect fades to be extremely sensitive to small perturbations in

geometry, and indeed, we find this to be the case even for the more detailed models

we are now considering. For example, consider the six-ray channel model, fixing
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rwall = 15.36 m, the path gain for rstreet = 5.01 m is 0.1 dB smaller than the free

space benchmark, but when we lower the antenna height 10 cm to rstreet = 5 m,

the path gain drops to 38.9 dB below the free space benchmark!

3.2 Deterministic Diversity for a Two-ray Model

We consider the two-ray model depicted in Figure 3.2 to provide analytical

insight, considering first a 1 × 1 system to characterize fading, and then a 1 ×

2 system to understand diversity. Similarly as the simplified multi-ray channel

model, the two-ray models for the SISO and SIMO system are given as below.

SISO channel model: For our 1× 1 system, the channel is modeled as:

h = 1− αe−jϕ, (3.2)

where the first term corresponds to the LoS ray, and α > 0 is the amplitude

of the reflected ray relative to the LoS, ϕ = 2πℓ1 is the received phase of the

reflected ray relative to the LoS ray due to the path length difference. Since we

model ϕ as uniform over [0, 2π], the negative sign in (3.2) makes no difference

to the statistics of h, and is put in simply for notational convenience in later

computations. However, it can be interpreted as modeling the approximately

180◦ phase shift produced by the glancing incidence.
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SIMO channel model: We consider the 1× 2 SIMO system depicted in Figure

3.2(b), where we shall see that the distance d between the two receive antennas

needs to be several multiples of λ to provide diversity. The channel gains from

the transmit antenna to the two receive antennas can be modeled as follows:

h1 = 1− αe−jϕ , h2 = 1− αe−j(ϕ+γ) (3.3)

where the phase difference between the two reflected paths is given by

γ ≈ 4πrd

Rλ
, (3.4)

which is obtained based on the path length difference analysis discussed as follows.

The path length difference between the reflected paths from the transmitter to

the two receive antennas is given by

∆Lreflected =
√

R2 + (2r + d)2 −
√

R2 + (2r)2 ≈ 2rd

R
(3.5)

assuming that d ≪ r ≪ R. We would like this to be comparable to a carrier

wavelength, in order to ensure that there is enough phase difference between the

reflected paths to the two different receive antennas to provide diversity.

While we are interested in maximizing the gains from receive diversity via

maximal ratio combining, it is easier to illustrate the concept of deterministic

diversity for selection diversity. In particular, we now show that, corresponding

to a nominal range for the propagation geometry parameters (r and R), there
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(a) SISO geometry. (b) 1× 2 SIMO geometry.

Figure 3.2: A two-ray model with the LoS path and a single reflected path.

is a range of choices for antenna spacing such that, when one of the receive an-

tennas sees destructive interference, the other is guaranteed to see constructive

interference.

Deterministic diversity: We wish to provide the deterministic guarantee that

max{|h1|, |h2|} ≥ β, where β ≤ 1. This corresponds to a link margin of 20 log10
1
β

dB relative to our reference, which is a LoS SISO channel. For example, a link

margin of 5 dB corresponds to β = 0.5623, while a link margin of 0 dB corresponds

to β = 1. Since the worst-case channel gain in the SISO system is 1−α, we assume

β > 1− α; that is, we cannot attain the desired link quality in a SISO system.

Now, suppose that |h1| < β. From Figure 3.3, we see that this implies that

|ϕ| ≤ ϕ0, where

ϕ0 = cos−1

(
1 + α2 − β2

2α

)
(3.6)
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Figure 3.3: Phasors corresponding to the normalized LoS path and reflected
path. A fade beyond the link margin occurs if the relative phase of the reflected
path falls within the shaded “danger zone” in the SISO system.

That is, an unacceptable fade on antenna 1 implies that ϕ ∈ [−ϕ0, ϕ0]. The

probability of ϕ falling in this “danger zone” (depicted in Figure 3.3) is given by

P [fade in SISO system] = ϕ0/π (3.7)

For example, for R = 200 m, r = 5 m, α = 0.95, we obtain ϕ0 = 0.58 radians for

a link margin of 5 dB (i.e., β = 0.5623), and ϕ0 = 1.08 radians for a link margin

of 0 dB (β = 1). The corresponding probability of a fade in the SISO system is

18.55% for a link margin of 5 dB, and 34.24% for a link margin of 0 dB.

To provide deterministic diversity, the additional phase change γ for the second

antenna must eject us from the danger zone in Figure 3.3. That is, if ϕ ∈ [−ϕ0, ϕ0],

then we need ϕ + γ ̸ ∈[−ϕ0, ϕ0]. This requires that |γ| ≥ 2ϕ0 to get us out of the

danger zone. However, we also need that |γ| be small enough that we do not get

back into this zone, which corresponds to the condition |γ| ≤ 2π − 2ϕ0. Using

(3.4), we obtain that the corresponding range for the normalized antenna spacing
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is given by

ϕ0

π

R

2r
≤ d

λ
≤
(
1− ϕ0

π

)
R

2r
(3.8)

which evaluates to

3.71 ≤ d
λ
≤ 16.29 5 dB link margin

6.84 ≤ d
λ
≤ 13.15 0 dB link margin

(3.9)

for the examples we have been considering. We observe that, even though SISO

performance is unacceptable, SIMO performance can be guaranteed to be as good

as that without fading (i.e, with 0 dB link margin) if we choose the antenna spacing

appropriately. This is fundamentally different from the probabilistic approach to

fading that must be adopted for rich scattering. Another key observation is that

too large an antenna spacing is not desirable, as shown by the upper bounds in

(3.8) and (3.9). In particular, for the two-ray model, changing d
λ
by R

2r
leads to a

2π change in γ, so that there is a periodicity in performance as a function of d
λ
.

Of course, there is enough leeway in the preceding design prescriptions to allow

for significant variations around the nominal link distance R without falling into

this undesirable regime.

We now show that such properties, while not satisfied exactly, do hold quali-

tatively even in more complex environments, so that the two-ray analysis can be

used to obtain design guidelines for more general sparse multipath settings.
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3.3 Quasi-deterministic Diversity for Multi-ray

Models

We first show, via a simple example, that deterministic diversity cannot be

provided for even a three-ray model. However, we then show via simulations for a

six-ray model that quasi-deterministic diversity can be achieved for more complex

models, using the rules of thumb for antenna spacing derived from the two-ray

model.

3.3.1 Three-ray Channel Model

Consider a three-ray channel model, including the LoS ray, the reflected ray

from the nearest wall and the reflected ray from the ground. From the previous

discussion, we show that diversity can be provided by spacing antennas so that

they are at slightly different distances from the reflecting surface. Since we wish to

provide diversity against wall reflections as well as street reflections, we must now

offset antennas in both the horizontal and vertical directions. For simplicity, as-

sume that the distances from the wall and street fall within the same range, which

motivates offsetting the receive antennas from each other by the same amount d

in each direction. Specializing (2.7) as we did for the two-ray model, the channel

gain from the transmitter to the two receivers for the three-ray channel model is
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given by:

h1 = 1− α1e
−jϕ1 − α2e

−jϕ2 ,

h2 = 1− α1e
−j(ϕ1+γ1) − α2e

−j(ϕ2+γ2).

(3.10)

Define the outage probability of the SNR gain relative to the LoS path with a

link margin of 0 dB as: P [η < 1], where we define the SNR gain relative to a LoS

link as η = |h1|2 + |h2|2, obtained using maximal ratio combining (MRC) at the

receiver. The outage probability is defined as P [η < β2], where 20 log10
1
β
dB is

the link margin, as before.

We now observe that, unlike for the two-ray model, deterministic diversity

is not possible. The example in Figure 3.4 illustrates that it is possible for the

phasors for the three rays to form a triangle at both antennas, thus yielding

relative SNR gain η = 0.

More generally, we can show that the combination of parameters for which

β = 1 (0 dB link margin) is too restrictive, and leads to an empty set for reflector

distance r = 4 − 8m and transmission range R = 200m. This is because, when

the combination of the two reflected rays falls into the danger zone for one of the

receive antennas, it is possible to return to the danger zone after the additional

phase rotations incurred by the two reflected rays in reaching the second antenna.
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Figure 3.4: A complete fade at both antennas happen with a three-ray model for
1×2 SIMO. For α1 = α2 = 1, γ1 = 2π/3, and γ2 = 4π/3, we obtain |1+ej(π−ϕ0)+
ej(π+ϕ0)| = 0 at the first receive antenna, and |1+ ej(π−ϕ0+2π/3)+ ej(π+ϕ0+4π/3)| = 0
at the second receive antenna.
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To see this, we compute the relative SNR gain(η = |h1|2 + |h2|2)as follows:

η = 2 + 2α2
1 + 2α2

2 + 2α1α2 cos(ϕ1 − ϕ2) + 2α1α2 cos(ϕ1 − ϕ2 + γ1 − γ2)

−2α1 cos(ϕ1)− 2α2 cos(ϕ2)− 2α1 cos(ϕ1 + γ1)− 2α1 cos(ϕ2 + γ2)

≥ 2− 4α1 cos(γ1/2) cos(ϕ1 + γ1/2)− 4α2 cos(γ2/2) cos(ϕ2 + γ2/2). (3.11)

Consider β = 1 (link margin 0 dB). Choosing γi such that |4αi cos(γi/2)| < 0.5

(i = 1, 2), we have |h1|2 + |h2|2 > 1. The corresponding antenna spacing falls in

the range 0.92 ·max( R
4r
) ≪ d

λ
≪ 1.08 ·min( R

4r
). However, this results in an empty

set for reflector distance r = 4− 8 m and transmission range R = 200 m.

While deterministic diversity is not possible, worst-case scenarios such as the

one in Figure 3.4 are very unlikely under the statistical propagation model in

Section 2.3.1, hence it is still possible to achieve quasi-deterministic diversity

(e.g., an outage probability of 10−4 at a link margin of 5 dB for 1× 2 SIMO), as

we now demonstrate via simulations for the six-ray model. We briefly review the

expressions for the SNR gain for the standard diversity schemes considered here

(see [39, 41] for detailed discussion), followed by a discussion of design guidelines

for antenna spacing.
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3.3.2 MIMO SNR Gains

Given the propagation geometry and the antenna geometry, these can be com-

puted using the simplified multi-ray channel model in Chapter 2.

2× 1 MISO Transmit Diversity: The Alamouti scheme has η = (|h1|2 +

|h2|2)/2, spatial matched filtering at the transmitter has η = |h1|2 + |h2|2, and

selection diversity has η = max (|h1|2, |h2|2).

1× 2 SIMO Receive Diversity: Maximal ratio combining (spatial matched

filtering) has η = |h1|2 + |h2|2, and selection diversity has η = max (|h1|2, |h2|2).

In practice, one might prefer to use the preceding receive diversity schemes rather

than the corresponding transmit diversity schemes, because of the feedback re-

garding channel state required by the latter.

2× 2 MIMO Diversity: Denoting the channel matrix by H, we consider dom-

inant eigenmode transmission, whose SNR gain η equals the largest eigenvalue of

the Wishart matrixW = HHH , and the Alamouti scheme, which has η = trace(W )
2

.

In order to achieve robust performance, all of the schemes discussed above rely

on the channel response between different antenna pairs being “different enough”

that they are unlikely to encounter a destructive fade at the same time. We now

discuss how to apply the analytical guidelines from Section 3.2 to ensure this.
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3.3.3 Antenna Spacing

The outage probabilities for the various MIMO diversity schemes are plotted

as a function of antenna spacing in Figure 3.5, keeping the link margin fixed at 5

dB. Some important observations are as follows.

• While we are unable to provide deterministic diversity for the six-ray model,

design based on the analytical prescriptions from the two-ray model work very

well for 1 × 2 and 2 × 1 systems, with antenna spacings of 7 − 8λ providing the

smallest outage probabilities.

• Smaller spacing can be used for 2×2 MIMO diversity, but the spacing designed

for 1 × 2 SIMO still works well. In particular, a larger range of antenna spacing

(3− 10λ) works well for the 2× 2 MIMO system.

• Performance as a function of antenna spacing has a quasi-periodic structure,

with the SIMO/MISO schemes showing another local optimum in performance

around 23λ. The difference from the first optimum (7 − 8λ) is about 15 − 16λ.

From our analysis (in Section 3.2), we know that the periodicity in d
λ
for a single

reflector at distance r is exactly R
2r
. For R = 200 m, quasi-periodicity of 15− 16λ

corresponds to an effective range of about reff = 6.25-6.67 m, which is approxi-

mately the midpoint of the range of about 4-10 m which creates strong reflected

rays for the antenna patterns of interest. Of course, this is of little relevance to
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design, since we would rather operate at smaller antenna spacings of d = 7− 8λ:

the performance is significantly better and the form factor is more compact than

at the next local optimum of d = 23λ.

• When the antenna spacing is too large, then the phases seen by the different

antennas get randomized, in which the performance is closer to that in a proba-

bilistic i.i.d. Rayleigh fading style regime, for which dual diversity with a small

link margin does not give good performance. For selective receive diversity, the

outage probability for i.i.d. Rayleigh fading is given by (1−exp(−β/|h|2))2, where

|h|2 denotes the mean power (greater than the LoS benchmark of one because of

the contribution of reflected rays). From ray tracing simulations, the mean power

is obtained as |h|2 = 1.31, which leads to a predicted outage probability of 4.44%

for a link margin of 5 dB, and matches closely with the outage probability of 4.8%

obtained by direct simulations using ray tracing. In contrast, the outage rates at

a spacing of 7− 8λ are less than 10−4, or two orders of magnitude better. Thus,

when antenna spacings are carefully chosen for sparse multipath channels, we can

obtain far better performance than for i.i.d. Rayleigh fading.

We now provide additional numerical results illustrating quasi-deterministic

diversity. Figure 3.6(a) plots the outage probability as a function of the link

margin for a 1×2 SIMO link. We see that d = 8λ gives the best outage probability

for both the selective diversity scheme and maximal ratio combining scheme in
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Figure 3.5: Outage probabilities versus antenna spacing for different diversity
strategies (5 dB link margin).

the 1 × 2 SIMO system (better than 10−4 at link margins of 4.4 dB and 2.4 dB,

respectively), but that the performance starts deteriorating when the spacing is

too low (d = 2λ) or too high (d = 12λ). Figure 3.6(b) plots the CDF of the

channel capacity for a variety of diversity strategies, fixing antenna spacing at 8λ

and link margin at 5 dB. The capacity is given by C = log2(1+ηSNRLoS), where

η denotes the SNR gain (for a given diversity strategy) and SNRLoS represents the

nominal received SNR for the SISO LoS benchmark. For reference, the capacity of

an idealized LoS SISO system, denoted as CLoS, equals 4.7 bps/Hz. At an outage

probability of 10−4, the diversity strategies in the 2 × 2 MIMO system and the

1 × 2 SIMO system achieve outage capacity higher than CLoS, while the 2 × 1

MISO transmit Alamouti diversity has a slightly smaller outage capacity of 4.6

bps/Hz.
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Frequency Diversity for
Wideband Channel

The communication bandwidths for the 60 GHz unlicensed band, as well as

for other mm wave systems, are expected to be of the order of GHz, and can

therefore potentially provide significant frequency diversity. In this chapter, we

focus on providing analytical insight into when deterministic frequency diversity

is possible. More extensive numerical results are postponed to the next chapter,

when we discuss combined spatial and frequency diversity.

For the simplified multi-ray channel model (2.7), define the relative channel

frequency response as follows:

H(f) = 1 +
Nr−1∑
i=1

αie
−j(ϕi+2πfτi) , −B/2 ≤ f ≤ B/2, (4.1)

where B is the channel bandwidth.
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Frequency diversity gain: A convenient performance measure for characteriz-

ing the effect of frequency diversity is the channel power gain averaged over the

available bandwidth B. We term this the frequency diversity gain, and define it

as:

G(B) =
1

B

∫ B/2

−B/2

|H(f)|2df (4.2)

This provides a measure of the average SNR gain (averaged over the band) relative

to our reference SISO LoS link.

Upper bound on Shannon capacity: The Shannon limit for channel spectral

efficiency is given by averaging over the band as follows:

Cs =
1

B

∫ B/2

−B/2

log(1 + SNRLoS|H(f)|2)df

By the concavity of the logarithm, taking the average inside the log gives an upper

bound, using Jensen’s inequality, we therefore obtain that

Cs ≤ log (1 + SNRLoSG(B))

Thus, the frequency diversity gain provides an upper bound on the Shannon ca-

pacity. For low SNR, the upper bound is expected to be tight, since log(1+x) ≈ x

for small x. However, our simulations show that the upper bound provides an ex-

cellent approximation even for moderate SNRs in the range 10-20 dB. We therefore

focus on characterizing the behavior of the frequency diversity gain G(B), which
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is far more analytically tractable than the Shannon capacity, for providing an-

alytical design insights. We then employ simulation results to verify that the

resulting design prescriptions provide robust performance in terms of Shannon

capacity as well. These show that the discrepancy in spectral efficiency is less

than 0.2 bps/Hz, corresponding to about 0.2 dB for the SNR ranges of interest.

We obtain analytical insight for a three-ray model which, as discussed before,

captures the strongest components of a typical lamppost-based link (LoS, near

wall reflection and street reflection). The frequency diversity gain is given by

G(B) = 1 + α2
1 + α2

2 + 2α1sinc(Bτ1) cosϕ1 + 2α2sinc(Bτ2) cosϕ2 (4.3)

+2α1α2sinc(B(τ1 − τ2)) cos(ϕ1 − ϕ2)

Deterministic frequency diversity: From (4.3), we observe thatG(B) depends

on the bandwidth-delay products Bτi, given the amplitudes and phases of the

reflected paths αi and ϕi (i = 1, 2). Since

α2
1 +α2

2 +2α1α2sinc(B(τ1 − τ2)) cos(ϕ1 − ϕ2) ≥ α2
1 +α2

2 − 2α1α2 = (α1 −α2)
2 ≥ 0

(4.4)

we can lower bound the frequency diversity gain as

G(B) ≥ max(1 + 2α1sinc(Bτ1) cosϕ1 + 2α2sinc(Bτ2) cosϕ2, 0) (4.5)

We can now show that it is possible to provide deterministic performance guaran-

tees whenB ≥ 1
τmin

, where τmin = min{τ1, τ2}. To see this, note that minx≥1sinc(x) =

48



Chapter 4. Frequency Diversity for Wideband Channel

sinc(1.5) = − 2
3π
. Plugging this into (4.5), we find the following lower bound (set-

ting α1 = α2 = 1, and ϕ1 and ϕ2 to odd multiples of π)

G(B) ≥ 1− 8

3π
≈ 0.15 (4.6)

which corresponds to a link margin of 8.2 dB. However, this is far too pessimistic

an estimate. The lower bound in (4.4) is realized when ϕ1−ϕ2 is an odd multiple

of π, whereas the further bounding of (4.5) to obtain (4.6) requires that both ϕ1

and ϕ2 are odd multiples of π (in which case their difference is an even multiple of

π), so that the overall lower bound (4.6) is loose. Doing a brute force numerical

minimization of (4.3) over αi ∈ [0, 1], ϕi ∈ [0, 2π], and Bτi ≥ 1, we obtain that

G(B) ≥ 0.81, corresponding to a link margin of less than 1 dB for deterministic

diversity.

When Bτmin < 1, then we can no longer provide deterministic guarantees with

frequency diversity alone, and spatial diversity becomes essential for providing

robust performance, as discussed in the next chapter.
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Combined Frequency and Spatial
Diversity

We noted in the previous chapter that frequency diversity alone is not sufficient

to provide a robust link when the bandwidth is smaller than the inverse of the

minimum delay spread. We now show that combining frequency diversity with

spatial diversity can provide robust performance over a broad set of scenarios.

Specifically, consider a 1× 2 SIMO link, with receive antennas spaced by 8λ (fol-

lowing the design prescriptions from Section 3.3.3) using MRC at each frequency

(as one might do in an OFDM system). The combined frequency diversity gain

can now be defined as

G(2)(B) =
1

B

∫ B/2

−B/2

(
|H1(f)|2 + |H2(f)|2

)
df = G1(B) +G2(B) (5.1)
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where the gain due to antenna 1 is given by G1(B) = G(B) as in (4.3), while the

gain due to the second antenna is given by

G2(B) = 1 + 2α1sinc(Bτ1) cos(ϕ1 + γ1) + 2α2sinc(Bτ2) cos(ϕ2 + γ2) (5.2)

+α2
1 + α2

2 + 2α1α2sinc(B(τ1 − τ2)) cos(ϕ1 − ϕ2 + γ1 − γ2).

5.1 Outage Probability

Outage probabilities are defined in terms of the frequency diversity gains as

Pout = P [G(B) < β2] for SISO and Pout = P [G(2)(B) < β2] for SIMO, and are

plotted in Figure 5.1. For our propagation model in Section 2.3.1, the deterministic

frequency diversity criterion Bτmin ≥ 1 is satisfied for a bandwidth of 2 GHz, since

the minimum delay difference is about 0.5 ns (rwall = 4 m and R = 200 m). We

now make the following observations:

1. For a given link margin, the outage probability decreases as the channel

bandwidth increases from 100 MHz to 2 GHz in both the SISO and the

1× 2 SIMO systems.

2. An outage probability of 10−4 is achieved with the 2 GHz bandwidth for

β2 = 0.9 and β2 = 1.9 for SISO and SIMO, respectively, corresponding to

link margins of 0.45 dB and -2.8 dB relative to LoS SISO. The negative link
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margin of -2.8 dB represents a gain over SISO LoS which is almost as high

as the 3 dB gain that would be expected from ideal MRC over an AWGN

channel.

3. When B < 1/τmin, frequency diversity alone does not suffice. For band-

widths of 100 MHz and 250 MHz, β2 = 0.08 and β2 = 0.14 (corresponding

link margins of 11 dB and 8.53 dB) are obtained at 10−4 outage probability.

However, combined frequency and spatial diversity provide β2 = 0.41 and

β2 = 0.82 (corresponds to link margins of 3.8 dB and 0.86 dB) at 10−4 out-

age probability. Thus, quasi-deterministic diversity can be obtained even

when B < 1/τmin in a SIMO link.

4. For both SISO and 1×2 SIMO, increasing bandwidth from 2 GHz to 3 GHz

does not further decrease the outage probability. Thus, B = 1/τmin suffices

in terms of providing frequency diversity.

While the three-ray channel model is used in these simulations, we note that the

more complete six-ray actually gives slightly better performance, possibly due to

the additional averaging provided by the additional paths.
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Figure 5.1: Outage probabilities for SISO and 1× 2 SIMO links as a function of
channel bandwidth.

5.2 Robustness to Changes in Propagation En-

vironment

The preceding discussions show that it is possible to provide quasi-deterministic

guarantees by choosing antenna spacing and bandwidth as a function of the nom-

inal geometry. Suppose, for example, that we have designed a SIMO link with

antenna spacing of 8λ and bandwidth 2 GHz, thus providing quasi-deterministic

guarantees for our nominal geometry. We now provide two examples showing the

robustness of this design to variations in the propagation environment.

Reduction in minimum delay: While B > 1
τmin

for our nominal environment, a

truck of height 3.4m parked halfway between the transmitter and receiver reduces

the range of rstreet from [4m, 8m] to [0.6 m, 4.6 m], yielding τmin = 0.012ns (the
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distance for the near wall reflector remains in the same range as before). The link

bandwidth of 2 GHz is now much smaller than 1/τmin = 83 GHz. Table 5.1 shows

the link margins required for an outage probability of 10−4 for various bandwidths

in this scenario, for both SISO and SIMO links. The table shows that it is still

possible to provide quasi-deterministic diversity: for 2 GHz bandwidth, the link

margins for 10−4 outage are 4.8 dB for SISO and 1.45 dB for SIMO.

Table 5.1: Required link margins (LM) to achieve 10−4 outage probability.

BW (GHz) 0.1 0.25 0.5 1 1.5 2 3
LM in SISO (dB) 17 12.2 8 5.4 4.9 4.8 4.7
LM in SIMO (dB) 8.5 4.7 2.1 1.5 1.48 1.45 1.42
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Figure 5.2: Probability of outage as a function of link range.

Change in link range: We now plot, in Figure 5.2, outage probabilities for our

nominal design (2 GHz bandwidth, 8λ spacing) for 200 m link range for several
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link ranges: 50 m, 100 m, 200 m and 400 m. We use the same horn antenna

with the directivity gain of 21.3 dBi and set the transmit power to be 18.7 dBm

in order to fully utilize the FCC limit of 40 dBm average EIRP. Assuming a loss

of 4 dB due to heavy rain (56.4 mm/hour), this yields SNRLoS of 19.2 dB at

the nominal link range of 200 m. We add a 5.2 dB margin to set the benchmark

SNRLoS at 14 dB, corresponding to uncoded BER of 10−9 with QPSK, and a

Shannon limit of 4.7 bps/Hz. The outage capacity at 10−4 outage probability is

higher than this benchmark spectral efficiency for link ranges of 50 m, 100 m and

200 m. For 400 m, an outage capacity of 3.3 bps/Hz is achieved at 10−4 outage

probability. This is 1.4 bps/Hz smaller than the reference Shannon limit at 200

m because of 13.2 dB additional attenuation (6 dB due to free space propagation,

3.2 dB due to oxygen absorption, and 4 dB due to rain attenuation). In addition,

the outage probability curve is less steep at 400m because of more severe fading

(the reflected rays are comparable in strength to the LoS path due to the small

grazing angle). The opposite effect (steeper curve) is seen at smaller link ranges

due to weaker reflections.

Change in Reflection Surfaces: We now provide example simulation results

that show that our qualitative conclusions hold under variants of the model for

the reflection coefficients. We compare results for smooth reflection surfaces with

thick specimen (Fresnel reflection surfaces) with results for rough surfaces with

55



Chapter 5. Combined Frequency and Spatial Diversity

4 5 6 7 8
10

−4

10
−3

10
−2

10
−1

10
0

Outage Channel Capacity Comparisons

Spectral Efficiency (bps/Hz)

 

 

sp−smooth
sp−rough
freq−smooth
freq−rough
comb−smooth
comb−rough

C
LoS

=

4.7 bps/Hz

Figure 5.3: Outage capacity for different reflection surfaces for spatial diversity,
frequency diversity and combined diversity.

thin specimen (multilayer model with multiplicative scattering loss), using the

six-ray channel model for our nominal design (2 GHz bandwidth, 8λ antenna

spacing). For our nominal design (2 GHz bandwidth, 8λ antenna spacing), we use

the six-ray model to estimate the CDF of channel capacity, as plotted in Figure

5.3 for the following scenarios: 1) 1 × 2 narrowband SIMO (spatial diversity

alone), 2) wideband SISO (frequency diversity alone), 3) 1 × 2 wideband SIMO

with MRC (combined diversity). A 3 dB link margin is employed relative to

the LoS SISO benchmark, setting SNRLoS = 14 dB. For smooth reflection (as

in the rest of the thesis), we consider wood for wall reflection and concrete for

ground reflection. For rough reflection, the ground reflection is from aerated

concrete [38] with dielectric constant ϵc = 2.25 − 0.1j, thickness dthk = 5cm and
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surface standard deviation σh = 0.2mm, and the wall reflections are from rough

glasses [38] with ϵc = 8.9 − 0.13j, dthk = 0.4cm and σh = 0.3mm. All schemes

provide high spectral efficiencies with quasi-deterministic reliability (10−4 outage

probability): compared to CLoS = 4.7 bps/Hz, SISO with frequency diversity

is 1 bps/Hz higher, SIMO with combined diversity is 2 bps/Hz higher, while

narrowband SIMO is 0.2 bps/Hz lower. Therefore, we conclude that the outage

capacities for smooth and rough surfaces are barely distinguishable (less than 0.2

bps/Hz), and that all schemes provide quasi-deterministic performance.
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Analog Multitone

In this chapter, we investigate the use of analog multitone for sidestepping the

ADC bottleneck for multiGigabit communications: transmissions are split into

a number of subbands, each of which can be separately sampled at the receiver

using a lower rate ADC. In order to combat the severe fading and inter carrier

interference, we investigate four different linear equalization strategies and show

that it is essential to perform equalization for the samples from both arrays to

achieve the robust transmissions.

6.1 Introduction

For frequency selective wideband channels, standard DSP-based approaches to

channel dispersion using time-domain equalization or OFDM both require high-

speed ADCs with large dynamic range and high precision: OFDM has an inher-
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ently large Peak-to-Average Power Ratio (PAPR), while multipath propagation

creates large dynamic range even for singlecarrier transmission. High speed, high-

precision ADCs based on conventional architectures, such as flash ADCs, are too

costly or power-hungry [28]. Time-interleaved ADCs [29] have been proposed as

a solution: a high rate ADC is synthesized using a number of slower ADCs whose

sampling times are staggered, thereby providing a power efficient option. However,

even though the sub-ADCs operate at a lower rate, the sample-and-hold blocks

in each of the sub-ADCs still need to operate over the entire signal bandwidth,

leading to issues of bandwidth scalability. In this chapter, we investigate Analog

Multitone (AMT) as a solution to the ADC bottleneck: the idea is to transmit in

parallel over a small number of subbands (significantly smaller than the number of

subcarriers employed by OFDM), each of which can be sampled using a relatively

low rate ADC after analog filtering at the receiver. There are two advantages

in splitting the transmissions into a number of subbands (say M). First, since

each subband is smaller by a factor of M and transmissions happen in parallel

over different subbands, it suffices to sample each subband with an ADC that is

M times slower (including the sample-and-hold block). Second, the equivalent

channel seen by the symbols over small subbands is significantly shorter than the

channel seen over the entire band. For example, we see from the top panel of

Figure 6.1 that the channel over the entire band has 24 taps. However, when we
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split the entire band into 4 or 8 subbands, the channel in one of the subbands

has only 8 and 6 taps respectively. As a result, the equalization complexity in

each subband is reduced substantially, and simple equalizers can be implemented

in parallel.

0 5 10 15 20 25
0

0.5

1
CIR of fullband

1 2 3 4 5 6 7 8
0

0.5

1
CIR of 2nd subband (N_sub = 4)

1 2 3 4 5 6
0

0.5

1
CIR of 4nd subband (N_sub = 8)

× 0.5 ns

× 2ns

× 4ns

Figure 6.1: Illustration of normalized channel impulse responses of a system of
2 GHz bandwidth at 60 GHz band with different number of subbands (The star
marker denotes the ICI signal from the adjacent subband on the left).

The AMT scheme considered here employs excess bandwidth in each subband

in order to limit peak amplitude and ISI, but does not provide guard bands be-

tween adjacent subbands, in order to avoid spectral wastage. This implies that we

must combat ICI across subbands, in addition to the ISI within a subband due to

channel dispersion. While AMT is a generic technique for decomposing high-rate

channels into slower subchannels, we also need to combine it with features specific
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to 60 GHz. In particular, directional transmission and reception are critical to

attaining the link budget at 60 GHz, and can be attained using compact printed

circuit antenna arrays; we therefore consider beamforming with 4 × 4 antenna

arrays in our modeling and performance evaluation. In Chapter 5, we have shown

that a combined diversity scheme that employs both frequency and spatial di-

versity can yield extremely robust performance relative to the LoS link. In the

following work, we propose and evaluate different equalizer schemes for realizing

these performance advantages, using Analog Multitone with one transmit antenna

array and two receive antenna arrays separated by a few wavelengths.

Contributions: We propose an Analog Multitone scheme for communication

over dispersive channels spanning 2 GHz of bandwidth in the millimeter wave

band. We consider a system with a 4 × 4 transmit array, and two 4 × 4 receive

arrays. The arrays at the transmitter and receiver beamform towards each other

along the Line-of-Sight (LoS) path (for simplicity, we do not consider spatial mul-

tipath combining or suppression). We derive an equivalent channel between the

transmitter and the receivers that accounts for the beamforming patterns and

the physical multipath channel, consisting of reflections off a nearby wall and the

ground in addition to the LoS path. We split the transmissions into four or eight

subbands and investigate four linear equalization strategies for demodulating each

subband. These strategies are based on different combinations of the following
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Figure 6.2: Block diagram of the analog multitone system (only one of the two
receive arrays is shown for simplicity).

choices: (a) Combine samples from both arrays optimally or choose samples from

the array that sees the stronger channel in the subband and (b) Treat the interfer-

ence from adjacent subbands as noise or exploit the structure of the interference

from adjacent subbands. While we consider two receive arrays in order to pro-

vide spatial diversity, we find that the additional degrees of freedom provided by

combining samples from both arrays provide much better interference suppres-

sion (avoiding error floors) than using only samples from the array which sees a

stronger channel.

Related work: The concept of analog multitone was proposed nearly four decades

ago, but was rendered obsolete by the emergence of OFDM. However, it was

revived recently for supporting high data rates (10 − 20 Gbps) over backplane

links [42] [43]. These systems allocate substantial guard bands between the dif-

ferent subbands, thereby simplifying the equalizer, but reducing the spectral effi-

ciency. In contrast, we let the subbands overlap and account for ICI as well as ISI,

and include features (such as beamforming and spatial diversity) specific to the
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wireless application at hand. A channelized digital receiver for ultra wide band

(UWB) signals was proposed in [44]. The receiver employs several low-rate ADCs,

each sampling in a small subband, but the transmission is over the entire band,

hence received samples from different subbands need to be pooled for equalization,

unlike our system, where equalization for each subband can be performed in par-

allel. The idea of splitting the transmission into subbands with zero guard band

has been investigated before in cosine modulated multitone (CMT) systems [45],

but this system, which is designed for flat fading (rather than frequency selective

fading as considered here) discards half the available degrees of freedom in order

to avoid ICI.

6.2 System Model

We provide an example link budget, and then derive an equivalent channel

model (for a typical 60 GHz multipath channel) for fixed transmit and receive

beamforming weights. This is then used to set up a complex baseband model for

the AMT scheme.
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6.2.1 Link Budget and Channel Model

Link Budget: We consider transmission and reception using 4× 4 arrays, where

each element in the array is a microstrip antenna with a directivity gain of 7 dBi

and the spacing between adjacent elements is λ/2 = 2.5mm. Since a 4× 4 array

provides a 12 dBi beamforming gain, the maximum allowable transmit power is

21 dBm (after accounting for the directivity gain of 7 dBi) to fully utilize the FCC

limit of 40 dBm average EIRP [32]. This requires only 9dBm power output from

each of the 16 power amplifiers, and is sufficient to support high data rate links

across distances of 200m: for example, we can transmit data at 4 Gbps using

QPSK modulation over a bandwidth of 2GHz, after budgeting for an oxygen

absorption loss of 16dB/km, a link margin of 5dB and a noise figure of 5dB.

Beamforming Weights: We consider transmission from one 4 × 4 array to a

receiver with two such arrays, with the receive arrays being separated by a few

wavelengths. The arrays are mounted on top of lampposts and the transmit and

receive arrays are separated by 100s of meters. We choose the transmit and receive

phases as in [46]: (a) the phases at the receive antennas are chosen so that each

array beamforms to the center of the transmit array and (b) the phases at the

transmit elements are chosen so that the transmitter beamforms to the midpoint

of the line joining the centers of the two receive arrays.

64



Chapter 6. Analog Multitone

Equivalent channel model: The channel between the transmit and receive

arrays consists of reflections from the ground and a nearby wall in addition to the

LoS path. Suppose that there are L reflected paths and an LoS path (which we

index to be the 0th path). The channel is then given by

h(t) =
L∑
l=0

gprop[l]g
tx
BF [l]g

rx
BF [l]δ(t− tl), (6.1)

where gprop[l], g
tx
BF [l], g

rx
BF [l] and tl denote the propagation loss, beamforming gain

at the transmitter, beamforming gain at the receiver and the propagation delay

along the lth path respectively. We now specify each of these terms explicitly.

The propagation term along the LoS path is given by

gprop[0] =
λ

4πR0

e−
KpR0

2 e−j
2πR0

λ , (6.2)

where R0 is the distance along the LoS path and Kp = 0.0016 ln 10 is the oxygen

absorption (16 dB/km) at 60 GHz. The propagation term along the lth reflected

path is similar (substituting Rl for R0), except that also we need to include a

multiplicative factor Al to account for the reflection coefficient.

Consider the beamforming gain gtxBF [0] at the transmitter along the LoS path.

Assuming that this path makes angles (θt0, ϕt0) with the normal of the transmit

array and one of the sides of the array respectively, the beamforming gain at the
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transmitter is given by

gtxBF [0] =
√
ρt0Nt, (6.3)

where ρt0 is the directivity gain of an antenna element along (θt0, ϕt0) and Nt is

the number of elements in the transmit array. Analogously, the beamforming gain

at the receiver grxBF [0] =
√
ρr0Nr, where ρr0 is the directivity gain of an antenna

element along the receive direction (θr0, ϕr0) and Nr is the number of receive

antenna elements.

Next, we specify the beamforming gains at the transmitter along the lth path.

Let us denote the propagation delay from the ith transmit element to the center

of the receive array along the lth path by dil. Then, the beamforming gain at the

transmitter along this path is given by

gtxBF [l] =

√
ρtl
Nt

Nt∑
i=1

e−j(2πfc(dil−d)+βi), (6.4)

where ρtl is the directivity gain along the lth path (θtl, ϕtl), d is the propagation

delay from the reference element to the center of the receive array and {βi} are

the beamforming weights. The beamforming gain at the receiver grxBF [l] can be

computed analogously.

For concreteness, we also specify the antenna patterns to compute the direc-

tivity gains along different paths. The normalized microstrip antenna element
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gain along the direction (θ, ϕ) is given by [31]:

ρ(θ, ϕ) = (cos2 θ sin2 ϕ+ cos2 ϕ)

∣∣∣∣cos(πvx)sin(πvy)πvy

∣∣∣∣2 , (6.5)

where vx = L sin θ/λ and vy = W sin θ/λ, with L and W being the length

and width of the microstrip antenna patch respectively. We choose L = W =

0.5λ/
√
ϵr, with the relative permittivity of the dielectric substrate ϵr = 2.17( [47]).

6.2.2 Complex Baseband Model

Figure 6.2 shows a complex baseband model of the system. We split the trans-

mission into M subbands. The symbols in the mth subband {xm[n]} pass through

a transmit filter ptx(t) (square-root raised cosine) and are then upconverted to a

frequency fm = fc +m∆f,m = 0, 1, . . . ,M − 1 where ∆f is the spacing between

adjacent subbands. To achieve high bandwidth efficiencies, we allow the different

subcarrier bands to overlap as shown in Figure 6.3. At the receiver, we recover

the symbols from the mth subband by downconverting it to baseband, passing it

through a receive filter prx(t) (also square-root raised cosine) and sampling each

subband at its Nyquist rate. We then pass these samples through an equalizer to

eliminate the intercarrier interference before we estimate the symbols.

Denoting the channel seen by one of the receive arrays by h(t), we derive an

expression for the samples received from this array. The received signal before
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1/T

∆f = 1/T

Figure 6.3: Illustration of the subband allocation.

subband separation y(t) is given by

y(t) =
M−1∑
m=0

(∑
n

xm[n]ptx(t− nT )ej2πfmt

)
⊗ h(t) + n(t) (6.6)

where ⊗ denotes convolution, T is the symbol period and n(t) is additive white

Gaussian noise with two-sided power spectral density of N0/2. The signal in the

mth subband after the receive filter ym(t) consists of the following parts: the

desired transmitted signal from the mth subband (denoted by ym→m(t)) and the

intercarrier interference signal from the m− 1th and m+ 1th subbands (denoted

by ym−1→m(t) and ym+1→m(t) respectively). Thus, we have:

ym(t) = ym→m(t) + ym−1→m(t) + ym+1→m(t) + nm(t), (6.7)

where the noise term nm(t) =
(
n(t)e−j2πfmt

)
⊗ prx(t). Denoting the channel taps

by h(t) =
∑L

l=0 αlδ(t − tl), we can get explicit expressions for the contributions

from different subbands as follows:

ym→m(t) =
∑
n

xm[n]⊗hm→m(t) =
∑
n

L∑
l=0

αlxm[n]e
−j2πfmτl (ptx ⊗ prx) (t−nT−tl),

(6.8)
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ym−1→m(t) =
∑

n xm[n]⊗ hm−1→m(t) =

∑
n

L∑
l=0

αlxm−1[n]e
−j2πfmτle−j2π∆fnT

(
p−tx ⊗ prx

)
(t− nT − tl), (6.9)

ym+1→m(t) =
∑

n xm[n]⊗ hm+1→m(t) =

∑
n

L∑
l=0

αlxm+1[n]e
−j2πfmτlej2π∆fnT

(
p+tx ⊗ prx

)
(t− nT − tl), (6.10)

with p−tx(t) = ptx(t)e
−j2π∆ft and p+tx(t) = ptx(t)e

j2π∆ft. From these equations, we

see that the symbols see a time invariant channel if we choose T∆f = 1.

We define hm(t) =
∑L

l=1 αle
−j2πfmτlδ(t− τl). By sampling ym(t) at a frequency

1/T , we obtain the discrete sequence ym[k]:

ym[k] =
∑
n

(
xm[n]pm(kT − nT ) + xm−1[n]p

−
m(kT − nT )

+xm+1[n]p
+
m(kT − nT )

)
+ nm[k], (6.11)

where pm(t) = ptx ⊗ hm ⊗ prx(t) and p−m(t) = p−tx ⊗ hm ⊗ prx(t) and p+m(t) =

p+tx ⊗ hm ⊗ prx(t). The discrete channel seen by the symbol xm[n] is given by

(pm[0], pm[1], . . .), where pm[i] = pm(iT ). The channels seen by the symbols from

the m− 1th and m+ 1th bands are defined analogously, with p−m and p+m taking

the place of pm.

We truncate the channel response at a point where its samples are 40dB below

the largest sample and denote the resulting length by v. In matrix-vector notation,
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the received samples in the mth subband, denoted by ym[n], are given by

ym[n] = Hm,mxm[n] +Hm,m−1xm−1[n]

+ Hm,m+1xm+1[n] + nm[n], (6.12)

where

Hm,m =



pm[0] . . . pm[v] 0 0 0

0 pm[0] . . . pm[v] 0 0

0 0 . . . . . . . . . 0

0 0 0 pm[0] . . . pm[v]



T

,

xm[n] = [· · · xm[n− 1], xm[n], xm[n+ 1], · · · ]T ,

nm[n] = [· · ·nm[n− 1], nm[n], nm[n+ 1], · · · ]T ,

and Hm,m−1,Hm,m+1 are defined in a manner similar to Hm,m with p−m and p+m in

place of pm respectively.

The samples from the mth subband of the other receive array satisfy a similar

model with a different set of channel matrices.

6.3 Equalization Schemes

In this section, we propose four schemes, with varying levels of complexity to

cancel the ICI and ISI. These four schemes arise by considering different combi-

nations of two choices:
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• Selection or Combining: While demodulating subband m, we use samples from

both arrays in the combining scheme. On the other hand, in the selection scheme,

we only use the samples from the array that sees the stronger channel response.

Specifically, denoting the channel response at array i by (p(i)[0], p(i)[1], . . . , p(i)[v]),

we choose samples from the array that has a larger value of
∑v

j=0 |p(i)[j]|2. The

block diagrams of the selection schemes and combining schemes are shown in

Figure 6.4 and Figure 6.5, respectively.

• Independent or Joint: In the independent mode, we treat the interference

from subbands m− 1 and m+1 as noise while designing an equalizer for subband

m. In the joint mode, we exploit the structure of the interference from subbands

m − 1 and m + 1 while designing the equalizer. We now explain the models for

each of these schemes in detail.

e
−j2πfct

prx(t)

prx(t)

rx1

rx2

prx(t)

prx(t)
e
−j2πfM−1t

x̂0[n]
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x̂M−1[n]
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Ts
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M

A

X

M

A

X

Figure 6.4: Block diagram of ISEL or JSEL scheme.
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Figure 6.5: Block diagram of ICOM or JCOM scheme.

Independent Selection scheme (ISEL): Suppose that we are demodulating

subband m. We use a superscript s to denote the samples and the channel matri-

ces from the “selected” (or, “stronger”) array (as ys
m[n],H

s
m,m,H

s
m,m−1,H

s
m,m+1

respectively). Treating the interference from adjacent bands as noise in (6.12), we

get the model

ys
m[n] = Hs

m,mxm[n] + n′
m[n], (6.13)

where the noise covariance is given by:

C = E
(
n′
m[n]n

′H
m[n]

)
= σ2I+ σ2

xH
s
m,m−1(H

s
m,m−1)

H + σ2
xH

s
m,m+1(H

s
m,m+1)

H ,

(6.14)

where σ2 = N0/2 and σ2
x denoting the transmit power in each symbol.
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Joint Selection scheme (JSEL): In each of the subbands m− 1,m and m+1,

we choose samples from the antenna array that sees the stronger channel in the

respective subband. In this case, we have the model
ys
m−1[n]

ys
m[n]

ys
m+1[n]

 = GJS


xm−1[n]

xm[n]

xm+1[n]

+


ns
m−1[n]

ns
m[n]

ns
m+1[n]

 , (6.15)

where GJS =


Hs

m−1,m−1 Hs
m−1,m 0

Hs
m,m−1 Hs

m,m Hs
m,m+1

0 Hs
m+1,m Hs

m+1,m+1

 .

Note that we are ignoring the contributions to ys
m−1[n] and ys

m+1[n] from the

transmissions in the m− 2th and m+ 2th subbands respectively.

Independent Combining scheme (ICOM): We use samples from subband m

from both the arrays, but treat the interference from subbands m− 1 and m+ 1

as noise. We use the superscript (i) to denote the samples collected from array i

and the channel matrix seen by array i. Thus, we have the model y
(1)
m [n]

y
(2)
m [n]

 =

 H(1)
m,m

H(2)
m,m

xm[n] +

 η
(1)
m

η
(2)
m

 , (6.16)

where  η
(1)
m

η
(2)
m

 = Km−1xm−1[n] +Km+1xm+1[n] +

 n
(1)
m [n]

n
(2)
m [n]

 ,
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and Km−1 stacks H
(1)
m,m−1 above H

(2)
m,m−1 and Km+1 stacks H

(1)
m,m+1 above H

(2)
m,m+1.

From this equation, we obtain the covariance of the noise to be:

C = σ2
x

(
Km−1K

H
m−1 +Km+1K

H
m+1

)
+ σ2I. (6.17)

Joint Combining scheme (JCOM): We use all the available information (sam-

ples from both arrays from subbands m − 1,m and m + 1) while demodulating

subband m, giving us the model

y
(1)
m−1[n]

y
(2)
m−1[n]

y
(1)
m [n]

y
(2)
m [n]

y
(1)
m+1[n]

y
(2)
m+1[n]



= GJC


xm−1[n]

xm[n]

xm+1[n]

+



n
(1)
m−1[n]

n
(2)
m−1[n]

n
(1)
m [n]

n
(2)
m [n]

n
(1)
m+1[n]

n
(2)
m+1[n]



, (6.18)

where GJC =



H
(1)
m−1,m−1 H

(1)
m−1,m 0

H
(2)
m−1,m−1 H

(2)
m−1,m 0

H
(1)
m,m−1 H(1)

m,m H
(1)
m,m+1

H
(2)
m,m−1 H(2)

m,m H
(2)
m,m+1

0 H
(1)
m+1,m H

(1)
m+1,m+1

0 H
(2)
m+1,m H

(2)
m+1,m+1



.
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In all these cases, the general model we have is

Y = Us+ n (6.19)

where the noise n has a covariance matrix C, including both the complex Gaus-

sian thermal noise and the interference signal. Let us denote the entries of s by

(s0, s1, s2, . . .) and suppose that we wish to estimate s0. Denoting the correspond-

ing columns of U by {ui}, we can rewrite the model in (6.19) as

Y = s0u0 +
∑
i ̸=0

siui + n. (6.20)

The MMSE estimate of s0 is given by [48]

ŝ0 = wHY =
(
R−1p

)H
Y, (6.21)

where R = E{YYH} = σ2
xUUH + C and p = E{s∗0Y} = σ2

xu0. The effective

SINR at the output of the equalizer is given by

SINR =
Es

Ei + En

=
σ2
x|wHu0|2

σ2
x

∑
i ̸=0 |wHui|2 +wHCw

(6.22)

where Es denotes the effective signal power, Ei denotes the residual interference

power and En represents the effective remaining noise power. We can use this

effective SINR to compute the bit error rate in our following simulation results.
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Figure 6.6: The CDF of the obtained SINR of the ISEL scheme with 4 and 8
subband channels for different antenna separations from 2λ to 8λ.

6.4 Simulation Results

We simulate links with a range of 200m and a bandwidth of 2 GHz. We consider

the three-ray channel model from Section 2.3: one reflection each off a nearby wall

and street in addition to the LoS path. As before, the distance to the wall rwall

is uniformly distributed in [4m, 20m] and the distance to the street is uniformly

distributed in [5m, 8m]. The reflections result in a maximum delay spread of

13ns (26 symbol periods). We choose smooth wood and concrete as the reflection

surfaces for the street and the wall respectively, whose dielectric parameters are

given in Section 2.2.2. We use square root raised cosine filters at the transmitter

and the receiver with rolloff factors of 0.2. We split the transmissions into either
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4 or 8 subbands and use QPSK modulation in each band with the receive SNR

along the LoS path being 11 dB.

6.4.1 Selecting the Number of Subbands

An OFDM system converts a vector channel into many scalar channel by

employing sufficient number of subcarriers (subbands) such that the channel delay

spread is much smaller than the symbol period for each sub-band and hence

inducing one-tap channel impulse response (CIR). However, since increasing the

number of subchannels in our system directly increases the number of required

RF chains and hence the complexity of the RF front end, it is essential to find

a reasonably moderate number of subbands that achieve the desired reduction in

ADC sampling rate, while requiring a small number of equalizer taps and hence

reducing the dynamic range.

Two-ray channel model: We evaluate how the number of channel taps depends

on the number of subbands for the two-ray channel model including the LoS

and the wall reflection. We neglect the inter-carrier interference (ICI) to get an

analytical handle. The normalized two-ray channel model in the frequency domain

is given by:

H2ray(f) = 1 + α1e
jθ1e−j2πfτ1 ,
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where τ1 denotes the delay of the wall reflected ray relative to the LoS path

(similar to τi in (2.6)), the relative phase θ1 is assumed to be uniform within

[0, 2π], f ∈ [−B
2
, B
2
] for the fullband channel (B denotes channel bandwidth) and

f ∈ [− B
2M

, B
2M

] for the system with M subbands.

We now perform a series of simplifying assumptions: the Nyquist sampling rate

is employed with perfect timing synchronization and the delay spread τ1 = kM/B,

where k is an integer. This results in a single tap for the channel impulse response

for both the LoS and the wall reflection. Under these assumptions, we consider

the CIR length for the following two extreme conditions:

1. When the delay spread is significantly larger than the subband symbol period

(k ≫ 1),the CIR length for the fullband channel and the subband channel

are kM and k, respectively, which means the CIR length decreases linearly

with increasing number of subbands.

2. When the delay spread is close to or smaller than the subband symbol

period (k ≈ 1), the two taps of the reflected ray and the LoS ray cannot

be distinguished, which means further increasing the number of subbands

cannot significantly reduce the CIR length.
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Figure 6.7 plots the time domain channel impulse responses, including channel

taps up to 20 dB lower than the strongest channel tap, for a system with different

numbers of subbands, where we choose B = 2 GHz and rwall = 22.04 m, corre-

sponding to τ1 = 16 ns (32/B). As we can see from this figure, the simulation

results match with our previous claims about the dependence of the CIR length

on the number of subbands. First, when τ1 = 16ns > 4/B = 8ns, the number

of channel taps decreases from 34 in the fullband system to 10 in the 4 subband

system, where 34/10 ≈ 3.4 is slightly smaller than the number of subbands 4.

This is mainly caused by the violation of Nyquist sampling rate and hence the

resultant ISI. Second, when τ1 = 16ns < 16/B = 32ns, the number of channel

taps only decreases from 6 in the 8 subband system to 4 in the 16 subband system.

We further show that the same trends hold for the three-ray channel model in the

following discussion.

Three-ray channel model: In Figure 6.8, we plot the time domain CIR for the

three-ray channel model including the LoS ray, the reflected rays from the nearby

wall and the ground, where we set rwall = 22.04m and rstreet = 5 m, contributing

to relative delays of 16 ns and 0.83 ns, respectively. Similar to the result for the

two-ray model, we observe from Figure 6.8 that the CIR length roughly scales

down linearly with increasing number of subbands when τmax ≫ M/B and the

CIR length only decreases by a small amount when τmax ∼ M/B (scales down
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Figure 6.7: Illustration of normalized channel impulse responses for the two-ray
channel model in a system with different numbers of subbands.

11/5 = 2.2 times from the 4 subband system to 16 subband system), where τmax

is the maximum delay spread for the system with a given subband number.

Therefore, we focus on the relatively small number of subbands 4 or 8 in this

dissertation that significantly reduces the CIR length compared to the fullband

system, thereby leading to the low complexity RF front end. Although our pre-

vious observations about the CIR length neglected ICI, when we consider the

channel taps up to 20 dB below the highest channel tap, we observe that the CIR

length still remains the same after including ICI. This is because the channel taps

of ICI are more than 20 dB smaller than the highest channel tap. Therefore, our
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Figure 6.8: Illustration of normalized channel impulse responses for the three-ray
channel model in a system with different numbers of subbands.

previous conclusions on how to select the appropriate number of subbands still

hold even if the ICI effect is considered.

6.4.2 Design of Multiple Antenna Arrays

Array separation: We investigate the performance of the ISEL scheme with

varying distances between the receive arrays with the goal of choosing a “good”

value for the array separation. We have shown in Section 3.3.3 that spatial diver-

sity with an antenna spacing of several wavelengths successfully overcomes fading

and provides quasi-deterministic diversity performance. Therefore, we consider

two arrays separated by 2λ− 8λ (in both the horizontal and vertical directions).
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We use the ISEL scheme with 21 equalizer taps and plot the CDF of the SINR

from (6.22) in Figure 6.6. For 4-subband transmission, we see that the perfor-

mance with array separations of 4λ, 6λ and 8λ are nearly identical. Similarly, for

8-subband transmission, array separations of 6λ and 8λ work well. In the follow-

ing simulations, we set the array separation to be 6λ (in both directions) since it

works well with both 4 and 8-subband transmissions.

Performance trends: We investigate the SINR at the output of the equalizer

for different schemes as function of the number of equalizer taps per subband per

array, which we denote by Ntaps. Thus, the total number of equalizer taps for

JCOM, JSEL, ICOM, ISEL are 6Ntaps, 3Ntaps , 2Ntaps, and Ntaps respectively.

We consider a scenario with a large delay spread (rwall = 20 m and rstreet = 8

m) and assume that the channel is known perfectly. We average the SINR from

(6.22) over all the subbands, except for the ones at the edges (bands 2 and 3 for

the 4-subband system; bands 2-7 for the 8 subband system). We plot the results

in Figure 6.9 and make the following observations:

• The performance with 8 subbands is significantly better than that with 4 sub-

bands for the ICOM, JSEL and ISEL schemes (for JCOM, the performance is

similar when the number of equalizer taps is large). Of course, we need twice

as many equalizers for the 8-subband transmission when compared to 4-subband

transmission.
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Figure 6.9: SINR as a function of equalizer taps per subband per antenna array
for four schemes with 4 subbands and 8 subbands.

• The SINR achieved with ICOM is 4 dB higher than that with JSEL even though

it uses fewer equalizer taps than JSEL (2Ntaps vs. 3Ntaps). Thus, it is essential to

combine signals from both arrays, rather than to simply select the stronger one,

to combat frequency selective fading and ICI.

• In terms of the SINR achieved with a large number of equalizer taps, we

can rank the schemes as JCOM>ICOM>JSEL>ISEL with the ratios of their

complexities being 6 : 2 : 3 : 1.

6.4.3 BER Performance

We investigate the performance of the different schemes when the channels are

not known perfectly and the equalizer taps are estimated from a training sequence.
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We compute the equalizer taps in the mth subband by adaptively estimating Rm

and pm as Rm = 1
Ntrain

∑Ntrain

i Ym[i]Y
H
m[i] and pm = 1

Ntrain

∑Ntrain

i Ym[i]x
∗
m[i]

from training symbols {xm[i], i = 1, 2, . . . , Ntrain} and then using them in (6.21).

We simulate the performance by transmitting 105 symbols of which 1000 symbols

are used for training. We use 21 equalizer taps per subband per antenna array

and consider 100 channel realizations with different distances to the wall rwall and

the street rstreet. We plot the average BER from simulations in the 4th subband

of the 8-subband system in Figure 6.10. We also plot the BER assuming perfect

channel knowledge Q(
√
SINR), where the SINR is given by (6.22). We make the

following observations:

• Both ISEL and JSEL have relatively high error floors (8 × 10−3 and 5 × 10−5

at 14 dB respectively). This happens because a finite length MMSE equalizer

operating on symbol-rate samples does not have sufficient dimensions to suppress

the ISI completely (even ignoring ICI) [48]. On the other hand, using samples

from both arrays in ICOM and JCOM essentially provides a fractionally spaced

equalizer with sufficient degrees of freedom to suppress interference completely,

thereby eliminating the error floor. We further verify these results by comparing

the BER performance between ISEL with a small oversampling factor (defined as

the ratio between the sampling rate and the symbol rate) and the ICOM scheme

with Nyquist sampling.
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Figure 6.10: BER as a function of Eb/N0 (along the LoS path) for different
schemes with both adaptive implementation and calculation using perfect channel
knowledge.

• Comparing the combining strategies (the adaptive implementation curves), we

see that JCOM provides a 1 dB gain over ICOM (at Eb/N0 = 8 dB), while

incurring thrice the complexity.

• With JCOM and JSEL, we have to estimate a larger number of equalizer taps in

comparison to ICOM and ISEL. The errors in estimating the equalizer taps result

in a slightly larger BER than predictions assuming perfect channel knowledge.

We see that the simulated performance is about 0.4 dB and 0.9 dB worse than

the theoretical prediction for JSEL and JCOM respectively.

The influence of oversampling on the BER performance: We have shown

that the combining scheme (ICOM or JCOM) yields much better BER perfor-
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Figure 6.11: BER comparison between the ICOM scheme with Nyquist sam-
pling and ISEL scheme with oversampling factors of 1, 2 and 4. (adp: adaptive
implementation, th: calculation using perfect channel knowlege)

mance relative to the selective scheme (ISEL or JSEL), possibly because it is

equivalent to the fractionally spaced equalizer (compared to the symbol-spaced

equalizer for ISEl or JSEL). Thus, an interesting topic to investigate is the im-

pact of the oversampling factor on the BER performance for the selective scheme.

Although our aim is to reduce the ADC sampling rate, it is still worth to study

whether a relatively small oversampling factor can significantly improve the BER

performance for the selective scheme such that its performance becomes compa-

rable to that of the combining scheme.

Figure 6.11 shows that BER significantly reduces for the ISEL scheme as the

oversampling factor increases from 1 to 2 and 4. For example, BERs of 1× 10−3,

5.9× 10−5 and 1.4× 10−5 are achieved at Eb/N0 of 12 dB with the oversampling
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factors of 1, 2 and 4, respectively. However, the BER achieved by the ICOM

scheme with Nyquist sampling rate still exhibits much better performance com-

pared to the ISEL scheme with the oversampling factor of 2 or 4. In particular,

we have the following observations:

• When noise power is more dominant than the interference power(Eb/N0 is

small), the required Eb/N0, to achieve the same BER, for the ICOM scheme

is about 2 dB smaller than that for the ISEL scheme with an oversampling

factor of 2. For example, the ICOM scheme achieves BER of 1 × 10−2 at

Eb/N0 of 0 dB, while the ISEL with an oversampling factor of 2 achieves

the same BER at Eb/N0 of 2.2 dB. Note that, given the same noise power,

the combining scheme should achieve a 3 dB higher effective signal power

Eb compared to the selective scheme if both of the two received signals

experience the same channel impulse responses. Since, for the selective

scheme, we choose the array seeing the stronger channel, we expect that the

ICOM scheme (combining the signals from both the stronger channel and

the weaker channel) achieves the similar performance with a smaller Eb/N0

(less than 3 dB difference) relative to the ISEL scheme.

• As Eb/N0 increases (the interference becomes more dominant relative to

noise), the gap between ICOM and ISEL with an oversampling factor of 2
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or 4 increases significantly, such as a gap of 5 dB exists at BER of 3× 10−4

(corresponding to Eb/N0 of 9 dB and 4 dB for ISEL with an oversampling

factor of 2 and ICOM, respectively). That is spatial diversity achieved by

the ICOM scheme appears to also reduce the noise enhancement due to

linear suppression of ICI and ISI.

6.5 Summary

Analog Multitone is a general technique for scaling communication systems

to large bandwidths while sidestepping the ADC bottleneck. In this work, we

have shown that it can be used in conjunction with beamforming and spatial

diversity for robustly attaining multiGigabit rates on outdoor 60 GHz links. Sep-

arate linear equalization for each subband suffices to avoid performance floors, as

long as the additional degrees of freedom provided by using samples from both

receive arrays are used (i.e., the ICOM scheme provides perhaps the best com-

plexity/performance tradeoff among the schemes considered here). Interesting

topics for future investigation include exploring potential performance gains from

decision feedback, and more intelligent beamforming (e.g., MMSE adaptation for

multipath combining and suppression).
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Conclusions

Our investigation shows that the sparse multipath channels associated with

highly directional mm wave links are fundamentally different from the rich scatter-

ing channels at lower carrier frequencies, in terms of both achievable performance

(quasi-deterministic guarantees) and design rules of thumb. For spatial diversity,

the antennas need to be spaced by multiple wavelengths (feasible with compact

form factors at the small wavelengths of interest to us); for frequency diversity,

the minimum delay spread (the delay of the first reflected path relative to the LoS

path) rather than the rms delay spread is the relevant parameter.

We have studied different equalizer strategies for the AMT scheme in a 1× 2

SIMO system. Our results show that utilizing beamforming and spatial diversity

in conjunction with AMT scheme successfully provides robust multiGigabit trans-

mission rates on outdoor 60 GHz links while sidestepping the ADC bottleneck.

We can also conclude that individually linear equalization for each subband suf-
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fices to avoid BER performance floor, as long as the additional freedom provided

by samples from both receive arrays are used.

Future work includes the potential performance gains from more sophisticated

beamforming strategies, particularly with very large arrays [49], and the investi-

gation of diversity/multiplexing tradeoffs for sparse multipath channels (spatial

multiplexing with compact form factors becomes feasible at the ranges of interest

to us for carrier frequencies beyond 100 GHz).
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