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Abstract—In this paper, we consider the problem of fre-
quency and phase tracking with intermittent measurements.
While this problem is of fundamental interest, we are primarily
motivated by the coherence requirements of distributed MIMO
(DMIMO) applications in which cooperating nodes emulate a
virtual antenna array and frequency synchronization among
transmitting nodes is achieved by each node detecting and
compensating for its frequency offset from a reference pilot that
is broadcast periodically by a master node. Since accurate one-
shot frequency estimation requires long measurement epochs, in
the interest of minimizing overhead, we consider the problem of
frequency/phase tracking using phase-only measurements. While
the evolution of frequency and unwrapped phase can be modeled
using a standard linear state space model, the measurement
model is nonlinear, since the phase measurements are wrapped
to a 2π interval. We develop a systematic design framework
based on the concept of a Rao-Blackwellized particle filter: a
particle filter is utilized to deduce the unwrapped phase from the
wrapped phase measurements, while a Kalman filter estimates
the frequency offset and provides phase predictions that are used
to update particle weights. We show that the proposed filter
effectively tracks the frequency and phase of on oscillator as long
as the resync interval is smaller than a minimum that depends
on the oscillator’s drift statistics.

I. INTRODUCTION

We consider the problem of frequency and phase tracking
with intermittent measurements corrupted by additive white
Gaussian noise. We are motivated by the tight synchronization
requirements of distributed MIMO (DMIMO) applications in
which cooperating nodes emulate a virtual antenna array (e.g.,
to form a beam or null towards a given destination). One
approach to frequency synchronization in such a system is for
a master node [1], or the destination node itself [2], to send
a reference carrier that all cooperating nodes can lock on to.
Given the drift inherent to oscillators, synchronization requires
continuous tracking rather than just one-shot estimation. Our
goal in this paper is to explore reduction of the overhead in
such a procedure.

We consider the following canonical model, which focuses
on a single node (e.g., any one of the cooperating nodes in
a DMIMO system). The node receives bursts of a carrier
waveform, corrupted by additive white Gaussian noise, over
measurement epochs. Assuming that the frequency and phase

of a carrier obeys a standard state space model, we ask how
to reduce the measurement overhead, which can be accom-
plished by reducing the length of the measurement epochs
and increasing the time between measurement epochs.

Well-known Cramer-Rao lower bounds [3], [4] on frequency
and phase estimation over a single measurement epoch of
length tell us that the variance of the phase error is inversely
proportional to the SNR accumulated over the epoch, but that
the rms frequency error is inversely proportional to the length
Tm of the measurement epoch:
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Thus, as we shrink the length of the measurement epoch, the
frequency estimate becomes unreliable. We therefore explore
in this paper what can be accomplished with phase measure-
ments alone (we assume, of course, that the integrated SNR
over the measurement epoch is large enough for sufficiently
accurate phase measurements).

If the unwrapped phase were available, then the standard
Kalman filter provides a straightforward approach for tracking
frequency and phase using a standard state space model.
The key hurdle here is that we only have access to the
wrapped phase, but wish to track frequency and phase despite
large initial uncertainties in frequency, in a manner robust to
jumps in frequency and phase. A fundamental difficulty is
the frequency aliasing due to intermittent measurements of
the wrapped phase: based on measurements spaced by Ts,
we cannot distinguish between frequencies spaced by integer
multiples of 1/Ts.

There are three key components to our approach. The first
is the use of a particle filter to explore multiple hypotheses
regarding the unwrapped phase. The second component is
the use of Rao-Blackwellization, or using the state space
structure of the system for each particle to improve estimation
performance, thus greatly reducing the number of particles
required. That is, for each particle, it becomes possible to use



the Kalman filter based on the unwrapped phase hypothesis
of that particle to track frequency and phase. The third key
component is dithering of the intervals between measurement
epochs to resolve the problem of aliasing. We provide a
deterministic dithering scheme that successfully resolves this
ambiguity far more quickly than randomized dithering.

While particle filters have been employed before for pilot-
based frequency offset estimation [5], [6], to the best of our
knowledge, this is the first paper to show that it is possible to
successfully track both frequency and phase based on wrapped
phase measurements.

II. MODEL AND ALGORITHM

The state space model used for the phase and frequency
offset of a transmitter relative to the receiver in the discrete
feedback times is as follows:

xt = Fxt−1 + νt

where the state xt = [φt, ωt]
T is the relative phase and angular

frequency offset of the transmitter and the state update matrix,
F, is defined by

F =

[
1 Ts
0 1

]
and Ts is the period of the feedback samples. The process
noise, νt, models the relative phase and frequency drift of the
oscillators and has the distribution defined in (1) taken from
the model introduced in [7], [8].

νt ∼ N(0, Q)
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q21 and q22 are the phase and frequency drift parameters and
for the USRP oscillators used in this analysis have values
q21 = 8.47 × 10−22 s and q22 = 5.51 × 10−18 Hz as deduced
from the Allan variance measurements according to [8]. The
measurement model is described in (2) and provides us with
a measurement of the wrapped phase. The wrapped phase
measurement noise distribution is approximated as Gaussian
and a standard Kalman filter is used to track the state.

[
it
qt

]
= h(xt) = A

[
cos (φt)
sin (φt)

]
+ Nt, Nt ∼ N(0, σ2I)

yt = ∠(it + jqt) =
[

1 0
]
xt + et, et ∼ N(0, r) (2)

In order to make accurate frequency offset estimations,
the unwrapped phase needs to be estimated. However, it is
clear from (2) that a Kalman filter can only produce wrapped
phase measurements. Therefore a particle filter is used to
pinpoint the number of full 2π rotations of the unwrapped
phase and by adding this amount to the wrapped phase an
estimate for unwrapped phase is obtained. This leads to a
Rao-Blackwellized particle filter (RBPF) framework where the
intractable part of the state is tracked using a particle filter,

complemented by a Kalman filter that is used for the linear
portion of the state. The advantage of combining the two
methods is that the dimension of the state that needs to be
approximated by the particle filter is decreased allowing for
far fewer particles required to cover the entire state space. The
reader is referred to [9] for a more detailed description of the
RBPF.

Different oscillators with the same nominal frequency can
have tens of ppm of relative frequency offset, therefore to
resolve this ambiguity, a set of N particles spanning the am-
biguous bandwidth is considered. Each particle has a hypoth-
esis about the number of full 2π rotations in the time interval
Ts. A Kalman filter attached to each particle tracks the linear
state corresponding to that particle. Based on the observed
error in the filter, particle weights are assigned and those
with high error are discarded until only the correct hypothesis
remains. Once the unwrapped phase is obtained, as long as
the frequency/phase drift between consecutive feedback bursts
is significantly smaller than a full rotation and SNR is high
enough for useful measurements, the single remaining Kalman
filter will track the state correctly with high probability. If,
due to sudden jumps in oscillator frequencies or temporary
loss of the feedback signal, convergence is lost, the KF will
show high error in its output for many of the iterations and
convergence loss can be detected. By re-initiating a sufficient
number of particles around the last estimate and running the
particle filter, synchronization can be restored. Usually, in this
case, the particles need to cover a smaller frequency span
than during initialization and fewer particles are required. The
formulation of this implementation is given in the appendix.

III. FREQUENCY ALIASING

In the noise free case, the frequency estimate from two
wrapped phase measurements, φ0 and φ1, that are t1 seconds
apart can be any of the values (2πk+φ1−φ0)/t1 where k ∈ Z
and each value corresponds to a possibility for the unwrapped
phase change in the period of t1 (Fig. (1)). Repeating the
procedure with a different amount of time between the phase
samples, t2, produces a similar set of possibilities for the fre-
quency with a different distribution and the correct frequency
is among the common estimates of the two sets. By continually
changing the time between phase measurements, the correct
frequency can be singled out as the common point of all the
resulting sets.

Fig. 1. Resolving frequency aliasing using non-uniform time sampling of
wrapped phase



In the RBPF framework, this is done by assigning each
frequency estimate of the first measurement interval to a
particle and changing the time between phase measurements to
eliminate all the incorrect estimates after a number of sampling
cycles. Assuming the first feedback period is Ts, subsequent
periods are increased (or decreased) by a factor of ∆ from the
initial value. Each particle is paired with a KF that updates and
predicts the state at each measurement. Incorrect particles will
produce high prediction errors in some of the time steps while
the correct particle predicts the measurements with small error
every time.

To see how much dithering of Ts is required, consider the
ith particle. Without loss of generality we assume that particle
m = 0 has the correct hypothesis and therefore the ith particle
is (i −m)2π/Ts = 2πi/Ts off in its frequency estimate. By
increasing the time between two samples to (1 + ∆)Ts, the
phase prediction of the ith particle is

2πi+ φ0
Ts

× (1 + ∆)Ts

where φ0 is the phase difference between the first two mea-
surements. Then the difference between the (wrapped) phase
predicted by this particle and the correct phase prediction is

2πi

Ts
× (1 + ∆)Ts

]π
−π

= 2πi∆]
π
−π (3)

Note that wrapped phase measurements allow for a max-
imum detectable error of π radians. Assuming the noise is
not too high, a deterministic dithering strategy can be used
to allow for fast convergence to the correct unwrapped phase.
Random dithering techniques can also be used, but discussion
of such schemes is omitted due to lack of space.

The deterministic dithering scheme we consider is as fol-
lows. We cycle through ∆ from 1

2 ,
1
22 , ...,

1
2L

, where L =
d1 + log2Ne is the number of steps needed to cover N dif-
ferent hypotheses for unwrapped phase (including the correct
estimate) separated by steps of 2π.

∆(t) = (1− δ(t̃)) 1

2t̃
(4)

t̃ = mod(t, L)

where δ(.) is the discrete-time unit impulse function. The
following lemma states that, in the absence of noise, one such
cycle is enough to reject all incorrect particles. (In a noisy
setting, the weights for the incorrect particles are attenuated.)

Lemma 1. The deterministic dither scheme (4) discards all
incorrect particles within a cycle, while providing the highest
possible noise margin of π for each particle in at least one
step.

Proof. From (3), for a frequency offset of 2πi/Ts, the dither
∆ = 1

2 sends the phase offset for all odd i to π. In general,
∆ = 1

2m sends the phase offset for all odd i/2m to π. Thus,
for i = 1, ..., N ≤ 2L we take at most L iterations to cover
all i in this fashion.

IV. IMPLEMENTATION AND PERFORMANCE

The procedure is initialized by creating N particles each
assuming a number of full 2π rotations in the interval of
Ts ranging from −(N − 1)/2 to (N − 1)/2. The particles
therefore cover a frequency span of 2πN/Ts, with N chosen
large enough so that this value covers the frequency span
of oscillators’ offset from their nominal frequency. After the
first two measurements that are Ts seconds apart, the wrapped
phase change estimate is added to the number of rotations to
form the unwrapped phase change estimates and the frequency
estimates are updated accordingly. In order to distinguish
incorrect particles, the dithering scheme of (4) is used. Fig.
2 shows the progression of the weights of different particles
in a sample simulation. At each step, half of the particles
are severely attenuated and their weight is spread out on
the remaining particles during normalization. The number of
particles in this simulation was 126. It can be seen that all
incorrect particles die down by step 1 + log2 126 ≤ 8.
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Fig. 2. Progression of particle weights with time steps

After convergence to the correct unwrapped phase, the
frequency estimation error is that of a KF, as long as there
are no cycle slips or loss of convergence. The criteria for
maintaining convergence comes from the fact that the wrapped
phase measurements can only correctly detect a phase change
from one cycle to the next that is less than π. This means
that the combination of process noise and measurement noise
for the phase should have variance much smaller than π to
ensure that noise samples will be smaller than π with near 1
probability. From (1) and (2) the total phase noise variance is
observed to be:

σ2
φ = ω2

cq
2
1Ts + ω2

cq
2
2

T 3
s

3
+ r

where r is the phase measurement noise. Thus, the requirement
for maintaining convergence with regard to the process and
measurement characteristics and feedback period can be stated
as

σ2
φ = ω2

cq
2
1Ts + ω2

cq
2
2

T 3
s

3
+ r � π2 (5)

Note that while our algorithm correctly estimates and tracks
the unwrapped phase as long as the phase drift between succes-
sive feedback packets is (significantly) smaller than π, we may
need more frequent feedback in order to maintain phase co-
herence sufficiently to achieve significant beamforming gains
in distributed MIMO settings (e.g., we must keep phase errors
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Fig. 3. Phase error of reconstructed signal for different values of feedback
period (USRP oscillator)

to within π/12 to attain 95% of the ideal beamforming gain
[1]).

The proposed method was used to track the frequency
of a USRP oscillator [10] over a 10 second interval of
measured data. The program uses one phase measurement
sample in each feedback cycle to estimate the frequency offset
and reconstructs the signal using the estimations. The phase
difference between the reconstructed signal and the actual
signal is depicted in Fig. 3 along with the frequency drift of the
oscillator. The deterministic dithering scheme was used and the
results are shown for different values of Ts. As expected from
(5), increasing Ts increases the chances of convergence loss
since the drift causes phase errors that are too large to track
using wrapped phase measurements. Performance degradation
is observed around Ts = 80ms or Ts(1 + ∆) = 120ms which
according to (5) corresponds to a (maximum) phase error
variance of around 20 ◦ which is not small enough compared
to 180 ◦ to prevent convergence loss.

The same results are shown in Fig. 4 for the TCXO
oscillators [11] that have a more stable carrier frequency and
better drift parameters as seen in the frequency vs. time plot
of Fig. 4. As expected, these oscillators can be tracked with
larger Ts before the synchronization breaks down due to drift
and convergence is lost. In Fig. 5 an instance of convergence
loss due to oscillator frequency jumps has been displayed and
the detection and recovery from convergence loss is visible in
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Fig. 4. Phase error of reconstructed signal for different values of feedback
period (TCXO)

the phase error of the reconstructed signal.
To evaluate the statement of (5), simulated data was used

with known q parameters and negligible measurement noise.
Fig. 6 shows the regions of convergence in the q22 - Ts plane
when q21 is kept fixed at the level calculated for the USRP
oscillators and q22 is normalized to the value obtained for
the same oscillators. The value of σ2

φ obtained from (5) has
been plotted on the same plane and the correlation between
convergence and σ2

φ is seen clearly. Similar results are seen in
the q21 - Ts plane and the q22 - q21 planes but the results have

0 2 4 6 8 10 12
−450

−400

−350

−300

fr
eq

ue
nc

y 
of

fs
et

 (
H

z)

0 2 4 6 8 10 12

−100

0

100

USRP, Ts=40ms

ph
as

e 
of

fs
et

 (
de

gr
ee

s)

time (sec)

Fig. 5. Recovery from convergence loss due to sudden jumps in oscillator
frequency
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been omitted due to space constraints.

V. CONCLUSIONS

We have presented a frequency tracking method using quasi-
periodic measurements of wrapped phase for frequency syn-
chronization in the distributed transmit beamforming frame-
work. The proposed method combines a particle filter with a
Kalman filter to obtain the unwrapped phase offset between
the destination oscillator and the LO at the transmitter. The
unwrapped phase is used to estimate the frequency offset
of the distant oscillator with the high accuracy required for
distributed transmit beamforming. The method performs well
when the phase prediction error caused by measurement noise
and oscillator drift in each cycle is low enough to be detected
by the wrapped phase measurements, thus producing a limit
on the feedback period. Results of the tracking method were
presented for USRP oscillators with relatively high drift as
well as the more stable TCXO oscillators. In both cases, for
low enough values of feedback period the algorithm converged
to the correct frequency in less than ten feedback cycles
and phase error was maintained low enough to sustain the
desired combination gain throughout the 10 second interval of
measurement data.
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APPENDIX

The system is set up with N = 2L + 1 particles that
are initialized after two subsequent measurements that are Ts
seconds apart as:

φi0|0 = 2πi+ [y0 − y−1]π−π, ωi0|0 =
φi0|0

Ts
, P0|0 = 0

where i = −L, ..., L. The prediction stage is formulated as:

x̂t|t−1 = Ftx̂t−1|t−1, Pt|t−1 = FtPt−1|t−1F
T
t +Qt

where Ft and Qt are defined in section II and depend on t due
to the dithering of Ts. Upon each wrapped phase measurement,
yt, particle weights are updated based on their prior probability
for that observation, which follows a Gaussian distribution
with zero mean and covariance Pφ:

W i
t = W i

t−1
1√

2πPφ
exp(− 1

2Pφ
z2t )

zt = yt −Hx̂t|t−1 = (yt − φ̂t|t−1)
]π
−π

, Pφ = Pt|t−1(1, 1)

where H =
[

1 0
]
. The Kalman estimate is updated as:

x̂t|t = x̂t|t−1 +Ktzt, Pt|t = (I −KtH)Pt|t−1

Kt = Pt|t−1H
T (HPt|t−1H

T + r)−1

Particles with weights below a threshold are discarded and
the weights are normalized across particles. The value of this
threshold is chosen according to system noise levels to prevent
discarding of the correct particle.
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